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PREFACE. 


Tus edition of Euclid’s First: Book has heen prepared 
in accordance with the wishes of many teachers. [tt con- 
sists merely of a reprint from our complete © Text book of 
Euclid’s Elements” together with a small collection of 
Miscellaneous Examples. It will probably be found that 
these and the easy exercises interspersed throughout the 
text provide sufhcient practice for beginners. Teachers 
who require more examples and problems will find a large 
number, carefully arranged and classitied, on pages &7 —11Y 
of our complete edition, 

H. S. HALL, 
FOO, STEVENS. 


May Ist, 
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EUCLID’S ELEMENTS. 


BOOK. J. 


DEFINITIONS. 


1 A point is that which has position, but no mag- 
nitude. 


2. <A line is that which has length without breadth, 

The extremities of a line are points, and the intersection of two 
lines is a point. 

3. <A straight line is that which lies evenly between 
its extreme points. 

Any portion cut off from a straight line is called a segment of it. 


4. A surface is that which has length and breadth, 
but no thickness. 
The boundaries of a surface are jines. 


5. <A plane surface is one in which any two points 
being taken, the straight line between them hes wholly in 
that surface. | 

A plane surface is frequently referred to simply as a plane. 


Norsg. Euclid regards a point merely as a mark of position, and 
he therefore attaches to it no idea of size and shape. 

Similarly he considers that the properties of a line arise only from 
ita length and position, without reference to that minute Mreadth which 
every line must really have if actually drawn, even though the most 
perfect instruments are used. 

The definition of 9 surface is to be understood in a similar way. 


H. E. l 
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6. A plane angle is the inclination of two straight 
lines to one another, which meet together, but are not in 
the same straight line. 


The point at which the straight lines mect is called the vertex of 
the anyle, and the straight lines themselves the arms of the anyle. 


When several angles are at une point O, any one C 
of them is expressed by three letters, of which the 
letter that refers to the vertex ia put between the 
other two. Thus if the straight lines OA, OB, OC 
mect at the point O, the angle contained by the 
atraight lines OA, OB ia named the angle AOB or 
BOA ; and the angle contained by OA, OC is named 
the angle AOC or COA. Similarly the angle con- 
tained by OB, OC is referred to as the angle BOC 
or COB, Butif there be only ono angle at a point, 
it may bo expressed by a single letter, as the angle 
atO. 


Of the two straight liner OB, OC shewn in the 
adjoining figure, we recognize that OC is more in- 
elined than OB to the straight line OA: this we 
express by saving that the angle AOC is greater 
than the angle AOB. Thus an angle must be 
regarded as having magnitude, 





It should be observed that the angle AOC is the aum of the 
angles AOB and BOC; and that AOB is the difference of the angles 
AOC and BOC. 


The beginner is cautioned against supposing that the size of an 
angle is altered either by increasiny or diminishing the length of its 
arms. 


[Another view of an angle is recognized in many branches of 
mathematics ; and though not employed by Euclid, it is here given 
because it furnishes more clearly than any other a conception of what 
in tneant by the magnitude of an angle. 

Suppoxe that the straight line OP in the figure C 
is capable of revolution about the point O, like the [7 of 
hand of a watch, but in the opposite direction; and ¢ 
Buppose that in this way it has passed successively Je 
from the position OA to the positions oocupied by oe 
OB and OC. 

Such a line must have undergone more turning 0 A 
in passing from OA to OC, than in passing from OA to OB; and 
consequently the angle AOC is said to be greater than the angle AOB. } 


DEFLUNITIONS, 3 


7. When a straight line standing on 
another straight line makes the adjacent 
angles equal to one another, each of the an- 
gles is called a right angle; and the straight 
hne which stands on the other is called a 
perpendicular to it. 


8. An obtuse angle is an anyle which / 
is greater than one right angle, but less oa 


than two right angles. 


9. An acute angle is an angle which is ‘ 
less than a right angle. : 





{In the adjoining figure the straizht line B. 
ce may be supposed to have arnved at a 
see chan position, from the position oceu- ce 

pied by OA, by revolution about the point O 7 

in either of the two directions indicated by fr “ANG 

the arrows: thus two straight lines drawn ‘ ar | 
from a point may be considered as forming (/ S 

reo angles, (marked (i) and (ii) in the figure) 

of which the greater (ii) is said to be reflex. 


ome 


If the arms OA, OB are in the kame ~~. aterm 
ktraight dine, the ri formed by therm B oO A 
on either side is called a straight angle. } 


10. Any portion of a plane surface bounded bv one 
or more lines, straight or curved, is called a plane figure. 


The sum of the bounding lines is called the perimeter of the figure. 
Two figures are asid to be equal in area, when they enclos . qual 
portions of a plane surface. 


11. Acirele isa plane figure contained 
by one line, which is called the cireum- 
ference, and is such that all straight lines 
drawn from a certain point within the 
fizure to the circuinference are equal to one 
another: this point is called the centre of 
the circle. 


A radius of a circle is a straight line drawn trom the 
centre to the circumference, 


1-—2 
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12. A diameter of a circle is a straight line drawn 
through the centre, and tenninated both ways by the 
circumference. 


13. A semicircle is the figure bounded by a diameter 
of a eircle and the part of the circumference cut off by the 


diameter, 


14. <A segment of a circle is the figure bounded by 
straight line and the part of the circumference which it 
cuts off! 


15. Bectilineal figures are those which are bounded 
hy straight lines. 


16. <A triangle is a plane figure bounded by 
straight lines 


Any one of the angular points of a triangle may be regarded as its 
vertex; and the opponite side is then called the base. 


17. <A quadrilateral is a plane figure lounded by 
Jour straight lines. 


The straight line which joins opposite angular points in a quadri- 
lateral is called a diagonal. 


18. A polygon is a plane figure bounded by more 
than four straight lines. 


It), An equilateral triangle is a tnangle — , 
whose three sides are equal. J 


of whose sides are equal, 


; . | 
20. An isosceles triangle is a triangle two | 


21. A scalene triangle is a triangle which 
nas three unequal sides. 





DEFINITIONS, § 


which has a right angle. 


ny 
a a 
icici ripemcieion 


The side opposite to the right angle in a right-angled triangle ia 
called the hypotenuse. 


22. <A right-angled triangle is a triangle | 


23. An obtuse-angled triangle is a es “7 


triangle which has an obtuse angle. ed 


: 
wes 

erent Pt EO 
a 


24. An acute-angled triangle is a triangle i 


which has three acute angles. 


Pee, 


{It will be seen hereafter (Book I. Proposition 17) that erery 
triangle must have at least two acute angles. } 


25. Parallel straight lines are such as, being in the 
same plane, do not meet, however far they are produced in 
either direction. 


26. <A Parallelogram is a four-sided Z sae 
figure which has its opposite sides pa- / a 
rallel. ee en 

27. <A rectangle isa parallelogram which es | 
has one of its angles a right angle. | 

2x. A square is a four-sided figure which 
has all its sides equal and all its angles mght| | t>> “7°74 
angles. 


{It may easily be shewn that if a quadrilateral | 
lias all its sides equal and one angle a right angle, bees bees ; 
then all its angles will be mght angles.) 


29. A rhombus is a four-sided figure 
which has all its sides equal, but its 
angles are not right angles. 


& 
30. <A trapezium is a four-sided figure — 
which has éwo of its sides parallel. 
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ON THE POSTULATES. 


In order to effect the constructions necessary to the study of 
geometry, it must be supposed that certain instruments are 
available; but it has always been held that such instruments 
should be as few in number, and as simple in character as 
poraible. 


For the purposes of the first Six Books a atraight ruler and 
& pair of compasses are all that are needed; and in the follow- 
ing Postulates, or requests, Euclid demands the use of such 
instruments, and assumes that they suffice, theoretically as well 
as practically, to carry out the processes: mentioned below. 


Poste LATES. 


Lat it be granted, 


1]. That a straight line may be drawn from any one 
point to any other point. 


When we draw a straight line from the point A to the point B, we 
are Haid to join AB. 


2, That a finite, that is to say, a terminated straight 
line may be produced to any length in that straight line. 


3. That a circle may be described from any centre, at 
any distance from that centre, that is, with a radius equal 
to any finite straight line drawn from the centre. 

It is important to notice that the Postulates include no means of 
direct: measurement: hence the straight ruler is not supposed to be 
graduated ; and the compasses, in accordance with Euclid’s use, are 


not to be employed for transferring distances from one part of a figure 
to another. 


ON THE AXIOMS, 


The acience of Geometry is hased upon certain simple state- 
ments, the truth of which 18 assumed at the outset to be self- 
evident. 


These self-evident truths, called by Euclid Common Notions, 
are now known as the Axioms. 


-? 


GENERAL AXIOWS 


The necessary characteristics of an Axiom arm 

Gs That it shoakd be aseff-ecrnfent; that is, that ite truth 
should be immediately accepted without proof. 

(i) That it should be fundamental; that is, that ta truth 


shomkl not be derivable from any other truth more sumple thag 
Loot. 

(iii) That it should supply a basis for the establishment of 
further truths. 


These characteristics may be sumamed up in the following 
definition. 


Derinitios. An Axiom is a self-evident truth, which neither 
requires nor is capable of proof, but which serves aaa founda- 
von for future reasoning. 

Axioms are of two kinds, general and geometrical, 

General Axioms apply to magaitudea of all huuls. Geometri- 
cal Axioms refer exclusively to geametricnl maynitudes, such an 
have been already indicated in the detitions. 


GENERAL AXIOMS, 


1, Things which are equal to the same thing are equal 
to one another. 


> 


If equals be added to equals, the wholes are equal. 

3. Tf equals be taken from equals, the remainders are 
equal. 

4. Tf equals be added to unequal, the whole are tur 
equal, the greater sum being that which meludes the greater 
of the unequals. 

& Tf equals be taken from unequals, the remainders 
are unequal, the greater remainder being Chat which is deft 
from the greater of the unequals, 

6. Things which are double of the same thing, or 
of equal things, are equal to one another. 

7. Things which are halves of the same thing, or of 
equal things, are equal to one another. 


9.* The whole is greater than its part. . 


* To preserve the classification of ceneral and ceometrical axivma, 
we have placed Euctid’s ninth axiom before thie eighth 
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GEOMETRICAL AXIOMS. 


8. Magnitudes which can be made to coincide with one 
another, are equal. 


This axiom affords the ultimate test of the equality of two geome- 
trical magnitudes. I¢ implies that any line, angle, or figure, may be 
suppored to be taken up from its position, and without change in 
nize or form, laid down upon a second line, angle, or figure, for the 
purpose of comparison. 


This process is called superposition, and the first magnitude is 
naid to be applied tu the other. 


10. Two straight lines cannot enclose a space. 


11. All right angles are equal. 


[The statement that all right angles are equal, admits of proof, 
and is therefore perhaps out of place as an Axiom.] 


12. If a straight line meet two straight lines so as to 
make the interior angles on one side of it together less 
than two right angles, these straight lines will meet if con- 
tinually produced on the side on which are the angles which 
ure together less than two right angles, 


A E 





That is to say, if the two straight 
lines AB and CD are met by the atraight 
line EH at F and G, in such a way that 
the angles BFG, OGF are together less 
than two night angles, it is asserted that 
AB and CD will meet if continually pro- 
duced in the direction of B and D. 


{Axiom 12 has been objected to on the double ground that it cannot 
be connidered self-evident, and that its truth may be deduced from 
simpler principles, It is employed for the first time in the 29th Pro- 
Nese of Book L, where a short discussion of the difficulty will be 
ound. 


The converse of this Axiom is proved in Buok I. Proposition 17.) 


INTRODUCTORY. 9 


INTRODUCTORY, 


Plane Geometry deala with the properties of all lines and 
figures that may be drawn upon a plane surface. 


Fuclid in his first Six Books confines himself to the properties 
of straight lines, rectilineal figures, and circles. 


The Definitions indicate the subject-matter of these books: 
the Postulutes and Arioms lay down the fundamental principles 
which regulate all investigation and argument relating to this 
subject-matter. 


Euclid'’s method of exposition divides the subject into a 
number of separate discussions, called propositions; each pro- 
position, though in one sense complete in itself, ix derived from 
resulta previously obtained, and itself Jeads up to subsequent 
propositions, 


Propositions are of two kinds, Problems and Theorems. 


A Problem proposes to effect some geometrical construction, 
such as to draw some particular line, or to construct some re- 
quired figure. 


A Theorem proposes to demonstrate soine geometrical truth, 
A Proposition consists of the following parts: 


The General Enunciation, the Particular Enunciation, the 
Construction, and the Demonstration or Proof. 


(i) The General Enunciation is a eee statement, 


describing in general terms the purpose of the proposition, 


In a problem the Enunciation states the construction which 
it is proposed to effect: it therefore names first the Data, or 
things given, secondly the Quasita, or things required. 


In a theorem the Enunciation states the property which it 
is proposed to demonstrate: it names first, the Hypothesis, or 
the conditions assumed; secondly, the Oonclasion, or the asser- 
tion to be proved. 
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(ii) The Particular Enunciation repeats in special terms 
the statement already made, and refers it to a diagram, which 
enables the reader to follow the reasoning more easily. 


Gii) The Construction then directs the drawing of such 
atraight lines and circles as may be required to effect the purpose 
of « problein, or to prove the truth of a theorem. 


(iv) Lastly, the Demonstration proves that the object pro- 
posed ina problem has been accomplished, or that the property 
stated ina theorem is true. 


Fuctid’s reasoning is said to be Deductive, because by a con- 
nected chain of argument it deduces new truths from truths 
alreuly proved or adnaiitted. 


The initial letters Qe.r, placed at the end of a problem, 
stand for Quod erat Faciendum, wlicd owes to he done. 


The letters q.§.D. are appended to a theorem, and stand for 
Quod erat Demonstrandum, hich was to be proved. 


A Corollary in a statement the truth of which follows readily 
from an established proposition; it is therefore appended to the 
proposition as an jnference or deduction, which usually requires 
ho hirther proof, 


The following symbols and abbreviations may be emploved 
in writing out the propositions of Book [., though their use is not 
recommended to beginners. 


v. for therefore, par vor.) for parallel, 

v » 8, OF are, equal to, par" » parallelograia, 
4 » angle, Hq. » Square, 

rt. ,, right angle, rectil. . rectilineal, 

A » triangle, xt. Line » straight hue, 
perp. , perpendicular, pt. » point; 


and all obvious contractions of words, such as opp., adj., diag., 
&e., for opposite, adjacent, diagonal, &c. 


BOOK L prop. }. 11 


SECTION 1. 
Proposrrion }. PRouiLYM. 


To deserite an equilateral triangle on a yiven finite 
ptreeeyht lene. 


—e ete, -C_—- “ 





Let AB be the given straight line, 
It is required to desembe an equilateral triangle on AB, 
Construction, From centre A, with radius AB, describe 
the circle BCD. Port. 3. 
From centre B, with radius BA, describe the circle ACE, 
Post, 38, 
From the point C at which the circles cut one another, 
draw the straight lines CA and C8 to the points A and B. 
Poat. 1. 
Then shall ABC be an equilateral triangle. 
Proof. Beeause Ais the centre of the cirele BOD, 
therefore AC is equal to AB. Df VN, 
And because Bis the centre of the circle ACE, 
therefore BC 1s equal to BA, Def. VY, 
But it has been shewn that AC 18 equal to AB ; 
therefore AC and BC are each equal to AB. : 
but things which are equal to the same thing are equal 
to one another. Ax, 
Therefore AC is equal to BC. 
Therefore CA, AB, BC are equal to one another. 
Therefore the triangle ABC is equilateral ; 


and it is described on the given straight line AB. q.¥. F. 
% 
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Proposition 2. Propies. 


From a given pont to draw a satratght line equal to a 
giten atraight line, 


CA 


Let A be the given point, and BC the given straight line. 


Tt is required to draw from the point A a straight line 
equal to BC. 


Conatruction, Join AB: Poat. 1. 
and on AB describe an equilateral triangle DAB. 1. I. 


From centre B, with radius BC, describe the circle CGH. 
Poat. . 
Produce DB to meet the circle CGH at G. Post. 
From centre 0, with radius 0G, describe the circle GKF. ; 
Produce DA to mect the circle GKF at F. Pust. 2? 
Then AF shall be equal to BC. 


Proaf. Because B is the centre of the circle CGH 
therefore BC is equal to BG. Def. 11. 
And because D is the centre of the circle GKF, 
therefore DF is equal to OG ; Def. V1. 


and DA, 08, parts of them are equal; Def. 19. 
therefore the remainder AF is equal to the remainder BG. 
Ax. 3. 
And it has been shewn that BC is equal to BG ; 

therefore AF and BC are each equal to BG. 
But things which are equal to the same thing are equal 
to one another. Ax. }. 
Therefore AF is equal to BC ; 
and it has been drawn from the given point A. Q.F.F. 


{This head is rendored necessary by the restriction, tacitly 
fatoees by Euclid, that compasses ahall not be used to transfer 
distances.) 
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Propositiox 3. Pronien. 


From the greater of two given straight linea to cut aff a 
part equal to the less. 





Tet AB and C be the two given straight lines, of which 
AB is the yreater. 
It is required to cut off from AB a part equal to C. 


Construction. From the point A draw the straight line 


AD equal to C; aes 
and from centre A, with radius AD, describe the circle DEF, 
meeting AB at E. Poat, 3. 


Then AE shall be equal to C. 


Proof, Because A is the centre of the circle DEF, 
therefore AE is equal to AD. Def. V1, 
But C is equal to AD. (‘unstr. 
Therefore AE and C are each equal to AD. 
Therefore AE is equal to C ; 
and it has been cut off from the given straight line AB. 


Q.E.¥ 


EXERCISES, 


1. One given straight line describe an isosceles triangle having 
each of the equa! sides equal to a given straight line. 


2. Ona given base deacribe an isosceles triangle baying each of 
the equal sides double of the base. 


8. In the figure of 1. 2, if AB is equal to BC, shew that D, the 
vertex of the equilateral triangle, will fall on the carcumference of the 
cirele CGH. 
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Obs. Every triangle has six parts, namely its three sides 
and three angles. 


Two triangles are said to be equal in all respects, when 
they can be made to coincide with one another by superpoation 
(seo note ou Axion 8), and in this case each part of the one is 
equal to a corresponding part of the other. 


Proposition 4. Tueorem. 


If two triangles have two sides of the ona equal to two 
wides of the other, each to each, and hare also the angles 
contained by those sides equal; then shall their bases or third 
sides be equal, and the trianglra shall be equal tn area, and 
their remaining angles shall be equal, each to each, namely 
thane to which the equal sules are opposite; that is to say, the 
triangles shall be equal in all reapects 


A D 


8 C Ee F 
Let ABC, DEF be two triangles, which have the side AB 
equal to the side DE, the side AC equal to the side DF, and 
the contained angle BAC equal to the contained angle EOF. 


Then shall the base BC be equal to the base EF, and the 
triangle ABC shall be equal to the triangle DEF in area; 
and the remaining angles shall be equal, each to each, to 

which the equal sides are opposite, 
namely the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. 


For if the triangle ABC be applied to the triangle DEF, 
so that the point A may be on the point 0, 
and the straight line AB along the straight line DE, 
then because AB ts equal to DE, Hyp. 
therefore the point B must coincide with the point E. 


BOOK LPHOP, 4. 18 


And because AB falls along DE, 
and the angle BAC is equal to the angle EOF, f/yp. 
therefore AC must fall along DF. 
And because AC is equal to OF, Hyp. 
therefore the point C must coincide with the point F. 
Then 8B coinciding with E, and C with F, 
the base BC must coincide with the base EF: 
for if not, two straight lines would enclose a space; which 
18 impossible. Ax. 10, 
Thus the base BC coincides with the base EF, and is 
therefore equal to it. Ar, &. 
And the triangle ABC coincides with the triangle DEF, 
and is therefore equal to it in area, Ax. 8, 
And the remaining angles of the one coincide with the re- 
maining angles of the other, and are therefore equal to them, 
namely, the angle ABC to the angle DEF, 
and the angle ACB to the angle DFE. 
That is, the triangles are equal in all respects. Q. Eb, 


Nore. It follows that two triangles which are equal in’ their 
several parts are equal also in area; but it should be observed that 
equality of area in two triangles does not necessarily imply equality in 
thajr several parte: that is to say, triangles may be equal in area, 
without being of the same shape. 


Two triangles which are equal in all respects have sdentity of form 
and magnitude, and are therefore said to be identically equal, or 
congruent. 


The following application of Proposition 4 anticipates 
the chief ditliculty of Proposition 4, 


In the equal sides AB, AC of an isosceles triangle 
ABC, the pointa X and Y are taken, so that AX 
is equal to AY; and BY and CX are joined. 

Shew that BY is equal to CX. 

In the two triangles XAC, YAB, 
XA is equal to YA, and AC is equal to AB; /yp. 
that is, the two sides XA, AC are equal to the two 
sides YA, AB, each to each; 
and the ancle at A, which is contained by these 
sides, is common to both triangles: 

therefore the triangles are equal in all respects; 1.4, 

eo that XC is equal to YB. Q. BB. 





16 EUCLID'S ELEMENTS. 


Proposition 5. Treoren. 


Lhe angles at the base of an isnaceles triangle are equal 
to one another; and of the equal sides be produced, the 
angles on the other side of the base shali also be equal to one 
another. 





Int ABC be an isosceles triangle, having the side AB 
equal to the side AC, and let the straight lines AB, AC be 
produced to D and E: 


then shall the angle ABC be equal to the angle ACB, 
and the angle CBD to the angle BCE. 


Conatruction. In 80 take any point F ; 
and from AE the greater cut off AG equal to AF the less. 1. 3. 
Join FC, GB. 


Proof. Then in the triangles FAC, GAB, 
FA is equal to GA, Constr. 
and AC Is equal to AB, Hyp. 
Because also the contained ee at A is common to te 
two triangles ; 
therefore the triangle FAC is equal to the triangle GAB in 
all respects; 1. 4. 
that is, the base FC is equal to the lase GB, 
and the angle ACF is equal to the angle A&G, 
also the angle AFC is equal to the angle AGB. 
Again, because the whole AF is equal to the whole AG, 
of which the parts AB, AC are equal, Hyp. 
therefore the remainder BF is equal ta the remainder CQ. 


BOOK tL. Prop. 5. 17 


Then in the two triangles BFC, CGB, 


BF is equal to CG, Proved. 

: and FC is equal to GB, Proved, 
aes also the contained angle BFC is equal to the 
contained angle CGB, Proved. 


therefore the triangles BFC, CGB are equal in all respects ; 
so that the angle FBC is equal to the angle GCB, 
and the angle BCF to the angle CBG. 1 4, 
Now it has been shewn that the whole angle ABG is equal 
to the whole angle ACF, 
and that parts of these, namely the angles CBG, BCF, are 
also equal ; 
therefore the remaining angle ABC is equal to the remain- 
ing angle ACB ; 
and these are the angles at the base of the triangle ABC, 
Also it has been shewn that the angle FBC is equal to the 
angle GCB ; 
and these are the angles on the other side of the base. Q.kup. 


CoroLtary.  T/ence tf @ triangle ts equilateral it is 
alsu equiangular. 


PX ERCISES, 


1. AB isa given straight line and Ca piven point outside it: shew 
low to find any eae in AB such that their distance from C shall be 
equal toa given length L. Can such pomta always be found ! 


2. If the vertex C and one extremity A of the base of an isosceles 
triangle are given, find thy other extremity B, supposing it to lie on a 
given straight line PQ. 


3. Describe a rhombus having given two opposite angular points 
A and C, and the length of each side. 


4. AMNB isa straight line ; on AB describe a triangle ABC such 
that the side AC shall be equal to AN and the side BC to MIB. 


5. In Prop. 2 the point A may be joined to either extremity of BC. 
oa the figure and prove the proposition in the case when A is joiued 
to ©, 


M. r. 2 


Wa EUCLID'S ELEMENTS. 


The stalin 2 abd is sometimes given as a substitute for the first 
part of Proposition 5: 


Proposition 5. ALTERNATIVE Proor. 


A A 


B Cc Cc 8 


Let ABC he an isosceles triangle, having AB equal to AC: 
then shall the angle ABC be equal to the angle ACB. 
Suppose the triangle ABC to be taken up, turned over and laid down 
again in the position A’B’C’, wheres A’B’, A’C’, B'C’ represent the 
new positions of AB, AC, BC. 
Then A’B’ is equal to A’C’; and A’B’ is AB in its new position, 
therefore AB is equal to A’C’; 
in the same way AC is cqual to A’B’ ; 
and the included angle BAC is equal to the included angle C’A’B’, for 
they are the same angle in different positions ; 
thscetore the triangle ABC is equal to the triangle A'C’B’ in all reapects : 
so that the anglo ABC is equal to the angle A’C’B’. 1. 4. 
But the angle A’C'B’ is the angle ACB in its new position ; 
therefore the angle ABC is equal to the angle ACB. 
Q. B.D, 


EXERCISES. 
CHIEFLY ON Propositions 4 AND 6. 


1. Two circles have the same centre O ; OAD and OBE are straight 
lines drawn to cut the smaller cirele in A and B and the larger circle 
in OD and E: prove that 

(i) AO =8E. Gi) OB=E€A, 
(iii) The angle DAB is equal to the angle EBA. 
(iv) The angle OOB is equal to the angle OEA. 
2. ABCO is a square, and L, M, and N are the middle points of 
AB, BC, and CD: prove that 
(i) LM=MN, (ii) AM=DM. 
(iii) AN=AM. (iv) BN=OM, 
[Draw a separate figure in each case}. 
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8. O is the centre of a circle and OA, OB are radii ; OM divides 
the angle AOB into two equal parts and cuts the line AB in M: prove 
that AM = BM. 


4. ABC, OBC are two isosceles triangles described on the same 
tase BC but on st sides of it: prove that the angle ABD is 
equal to the angle ACD 


5. ABC, OBC are two isosceles triangles described on the same 
base BC, but on opposite sides of it prove that if AD be joined, each 
of the angles BAC, BOC will be divided into two equal parts. 


6. PQR, SQR are two isosceles triangles described on the same 
base QR, and on the same aid of it: shew that the angle PQS is 
equal to the angle PRS, and that the line PS divides the angle 
QPR into two equal parts. 


7. If in the figure of Exercise 5 the line AD meets BC in E, prove 
that BE < EC. 


8. ABCD isa rhombus and AC is joined: prove that the angle 
DAB is equal to the angle OCB. 


9. ABCD is a quadrilateral having the opposite sides BC, AD 
ejual, and also the angle BCD equal tv the angle AOC: prove that 
BD is equal to AC, 


10. AB, AC are the a sides of an isosceles triangle ; L, M, N 
are the middle points of AB, BC, and CA respectively: prove that 
LM= MN. 


Prove also that the angle ALM is cqual to the angle ANM. 


Derinition. Each of two Theorems is said to be the Con- 


verse of the other, when the hypothesis of each is the conclusion 
of the other. 


It will be seen, on comparing the hypotheses and conclusions of 
Props. 5 and 6, that each proposition is the converse of the other, 


Nore. Proposition 6 furnishes the first instance of an indirect 
welhud of bait frequently used by Euclid. It consists in shewing 
that an absurdity must result from supposing the theorem to be 
otherwise than true. This formn of demonstration is known ea the 
Reductio ad Absurdum, and is most commonly employed in establish- 
ing the converse of some foregoing t heorein. 

_ Jt must not be supposed that the converse of a truetheorem is 
itself necessarily true: for instance, it will be seen from Prop. 8, Cor. 
that if two triangles have their sides equal, each to each, then their 
angles will also be equal, each to each ; but it may easily be shewn by 
oo of a figure that the converse of this theorem is not necessarily 


9.9 
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Proposition 6. THrorem. 


If two angles of a triangle be equal to one another, then 
the sides aluo which subtend, or are opposite to, the equal 


angles, shall be equal to one another. 


A 


B Cc 


Tet ABC bea triangle, having the angle ABC equal to 
the angle ACB: 


then shall the side AC be equal to the side AB. 


Construction, For if AC be not equal to AB, 


one of them must be greater than the other. 
If possible, let AB be the greater ; 
and from it cut off BD equal to AC, 


1. 3. 
Join DC. 
Proof. Then in the triangles DBC, ACB, 
DB is equal to AC, Constr, 


Heskuks and BC 18 common to both, 
also the contained angle OBC is equal to the 
contained angle ACB ; Hyp. 
therefore the triangle DBC is equal in area to the triangle 
ACB, 14. 
the part equal to the whole; which is absurd. Ax. 9. 


Therefore AB is not unequal to AC ; 
that is, AB is equal to AC. 


Q.E.D. 
Coronuary. Hence of a triangle ts equiangular vu 4s 
alse equilateral, 
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Proposition 7. THurorem. 


On the same base, and on the same side of tt, there 
cannot be two triangles having their mdes which are termi- 
nated at one extremity of the base l to one another, and 
likewise those which are Mas the other extremity 
equal to one another, 


C po 


If it be possible, on the same base AB, and on the same 
side of it, let there be two triangles ACB, ADB, having their 
sides AC, AO, which are terminated at A, equal to one 
another, and likewise their sides BC, BD, which are termi- 
nated at B, equal to one another. 


Cask I. When the vertex of each triangle is without 
the other triangle. 


Construction. Join CD. Poat, 1, 
Proof. Then in the triangle ACO, 
because AC is equal to AD, Th yp. 


therefore the angle ACD is equal to the angle ADC. 1.5. 


But the whole angle ACO is greater than its part, the 
angle BCD, 
therefore also the angle ADC is yreater than the angle BCD; 
still more then is the angle BOC greater than the angle 
BCD. 
Again, in the triangle BCO, . 
because BC is equal to BD, Hyp. 
therefore the angle BOC is equal to the angle BCD: 1. 5 
but it was shewn to be greater; which is impossible. 
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Casx If. When one of the vertices, as 0, is within 
the other triangle ACB, 





A B 
Construction. As before, join CO; Post. 1, 
and produce AC, AO to E and F. Post. 2. 


Then in the triangle ACO, because AC is equal to AD, //yp. 
therefore the angles ECD, FOC, on the other side of the 
hase, are equal to one another. 19. 
But the angle ECD is greater than its part, the angle BCD; 
therefore the angle FOC is also greater than the angle 
BCD: 
still more then is the angle BOC greater than the angle 
BCD. 
Again, in the triangle BCD, 
beenuse BC is equal to BD, LH yp. 
therefore the angle BDC is equal to the angle BCD: 1. 5. 
but it has been shewn to be greater; which is impossible. 
The case in which the vertex of one triangle is on a 
side of the other needs no demonstration, 
Therefore AC cannot be equal to AD, and at the same 
fime, BC equal to BD. Q.E.D. 


Note. Thesides AC, AD are called conterminous sides ; similarly 
the sides BC, BD are conterminoua. 


Proposition 8. THEOREM. 


Tf two triangles have tavo sides of the ona equal to two 
sides of the other, each to each, and have likewise their bases 
equal, then the angle which is contained by the two sides of 
the one shall be equal to the angle which t contained by 
the tuw sides of the other. 
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A dD G 


8 E 
Cc F 
Let ABC, DEF be two triangles, having the two sides 
BA, AC equal to the two sides EO, OF, each to each, namely 
BA to ED, and AC to OF, and also the base BC equal to the 
base EF: 
then shall the angle BAC be equal to the angle EOF. 


Proof. For if the triangle ABC be apphed to the 
triangle DEF, so that the point Bomay be on E, and the 
straight line BC along EF ; 

then because BC is equal to EF, HH ygp. 
therefore the point C must coincide with the point F. 


Then, BC coinciding with EF, 

it follows that BA and AC must coincide with ED and OF : 

for if not, they would have a different situation, as EG, GF: 

then, on the same base and on the same side of it there 

would be two triangles having their confermtnaua sides 
equal. 

But this is impossible, 1. 7. 

Therefore the sides BA, AC coincide with the sides ED, DF. 
That is, the angle BAC coincides with the angle EOF, and i in 
therefore equal to it. ata. $, 
Q. kK. 


Nore. In this Proposition the three sides of one triangle are 
given equal respectively to the three sides of the other; and from 
this it is shewn that the two triangles may be made to coincide with 
ure another. 


Hence we are led to the following important Corollary. 
Corottary. Jf tn two triangles the three sides of the 


one are equal to the tree sides of the other, cach to earh, 
then the iriangles ave equal in all rexpects. 
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The following proof of Prop. 8 is worthy of attention as it is inde. 
pendent of Prop. 7, which frequently presents difficulty to a beginner. 


Proposition 8. ALTERNATIVE Poor. 


A 


Let ABC and DEF be two triangles, which have the sides BA, AC 
equal rexpectively to the sides EO, OF, and the base BC equal to the 
base 


‘then shall the angle BAC be equal to the angle EDF. 

For apply the triangle ABC to the triangle DEF, no that B may 
fall on E, and BC along EF, and so that the point A may be on the 
side of EF remote from O, 

then C must fallon F, since BC is equal to EF, 
Let A’EF be the new position of the triangle ABC. 
If neither OF, FA’ nor DE, EA’ are in one straight line, 
join DA’, 
Cane I. When DA’ intersects EF. 
Then because ED is equal to EA’, 
therefore the angle EDA’ is equal to the angle EA’D. 1. 5. 
Again because FD is equal ta FA’, 
therefore the angle FDA’ is equal to the angle FA’D. 1. 5. 

Hence the whole angle EDF is equal to the whole angle EA'F ; 

that is, the angle EDF is equal to the angle BAC. 


Two cases remain which may be dealt with in a similar manner: 
namely, 
Case If. When DA‘ meets EF produced. 
if Case IH]. When one pair of sides, as OF, FA’, are in one straight 
e, 
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Proposirion 9. Prose. 


To bisect a given angle, that is, to divide tt into two equal 
parts. 


A 


FE 
8 C 


Let BAC be the given angle: 
it is required to bisect it, 


Construction. In AB take any point DO; 
and from AC cut off AE equal to AD. 1. 3. 
Join DE; 
and on DE, on the side remote from A, deseribe an equi- 
lateral triangle DEF. 1 |. 
J om AF. 
Then shall the straight line AF bisect the angle BAC. 


Proof. For in the two triangles DAF, EAF, 
DA 18 equal to EA, C'onatr. 
and AF is common to both; 

and the third side OF is equal to the third side 
EF ; Def. 19, 
therefore the angle DAF is equal to the angle EAF. 1. &. 
Therefore the given angle BAC 1s bisected by the straight 

line AF. Q.E.F. 


Decause 


EXERCISES. 


1, If in the above fizure the equilateral triangle DFE were de- 
xcribed on the same side of DE as A, what different cases would arise? 
And under what circumstances would the construction fail? 


2. In the same figure, shew that AF also bisects the angle DFE. 
8. Divide an angle into four equal parts. 
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Proposition 10. Prosies. 


To bisect a given finite straight line, that ts, to divide ut 
tnto two equal parts. 


Cc 
/s 


A D B 


let AB be the given straight line : 
it is required to divide it into two equal parts. 


Conatr, On AB describe an equilateral triangle ABC, or. 1. 

und bisect the angle ACB by the straight line CO, meeting 

AB ut DO. 1.9. 
Then shall AB be bisected at the point D. 


Proof: For in the triangles ACD, BCD, 
AC is equal to BC, Dep VY, 
and CO is common to both; 
also the contained angle ACD is equal to the con. 
tained angle BCD; C'onstr. 
Therefore the triangles are equal in all respects: 
so that the base AD Is equal to the base BD. 1 4. 
Therefore the straight line AB is bisected at the point D. 
QE. F. 


Because 


EXERCISES. 
1. Show that the straight line which bisects the vertical angle of 
an isosceles triangle, also bisects the base. 


2. On a given base deacribe an isosceles triangle such that the 
gum of its equal sidea may be equal to a given straight line. 
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Proposition 11. Proeirem. 


To draw a straight line at right angles to a given straight 
line, from a given point tn the same, 





A oO Cc E 8 
Let AB be the given straight line, and C the given 
point in it, 
It is required to draw from the point C a straight line 
at right angles to AB. 
Construction. In AC take any point D, 


_ and from CB cut off CE equal to CD. 1, 3. 
On DE describe the equilateral triangle OFE. 1. 1. 
Join CF. 


Then shall the straight line CF be at mght angles to AB. 


Proof. For in the triangles OCF, ECF, 
DC is equal to EC, Conatr, 
Weeds. 2 and CF is common to both ; . 
and the third side OF is equal to the third side 
EF: Def. 19. 
Therefore the angle DCF is equal to the angle ECF: 1. 8. 
and these are adjacent angles. 

But when a straight line, standing on another straight 
line, makes the adjacent angles equal to one another, each 
of these angles is called a right angle; Def. 7, 

therefore each of the angles OCF, ECF is a right angle. 
Therefore CF is at right angles to AB, 
and has been drawn froma point C init, QF. 


EXERCISE. : 


In the figure of the above proposition, shew that any point in 
FC, or FC produced, is equidistant from 0 and €. 
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Proposition 12. Prose. 


To draw a straight line perpendicular to a given straight 
line of unlimited length, from a given point unthoul u. 
Cc 


A 
8) 


Let AB be the given straight line, which may be pro- 
duced in either direction, and Jet C be the given point with- 
out it. 

It is required to draw from the point C a straight line 
perpendicular to AB. 


Construction, On the side of AB remote from C take 
any point D; 
and from centre C, with radius CD, describe the circle FDG, 
mecting AB at F and G. Post. 3. 
Risect FG at H; 1. 10. 
and join CH. 
Then shall the straight line CH be perpendicular to AB. 
Join CF and CG. 

Proof. Then in the triangles FHC, GHC, 

FH is equal to GH, Constr. 

and HC is common to both; 
and the third side CF is equal to the third side 
CG, being radi of the circle FOG ; Def. 11. 

therefore the angle CHF is equal to the angle CHG; 1. 8. 

and these are adjacent. angles. 

But when a straight line, standing on another straight 
line, makes the adjacent angles equal to one another, each 
of these anyles is called a right angle, and the straight line 
which stands on the other 1s called a perpendicular to it. 

Therefore CH is a perpendicular drawn to the given 
straight line AB from the given point C without it. Q EF. 


Because 


Nore. The given straight line AB must be of unlimited length, 
that is, it must be capable of production to an indefinite length in 
either aaa to ensure its being intersected in two points by the 
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EXERCISES ON PROPOSITIONS } To 12. 


1. Bhew that the straight line which joins the vertex of an 
inosceles triangle to the middle point of the base ia perpendicular 
to the base. 

2. Shew that the straight lines which join the extremities of the 


hase of an isosceles triangle to the middle points of the opposite sides, 
are equal to one another. 


8. Two given points in the base of an isosceles triangle are equi- 
distant from the extremities of the base: shew that they are also equi- 
distant from the vertex, 


4. If the opposite aides of a quadrilateral are equal, shew that the 
opposite angies are also equal. 

&. Any two isosceles triangles XAB, YAB stand on the samw base 
AB: shew that the angle XAY is equal to the angle XBY; and that 
the angle AXY is equal to the angle BXY. 


6. Shew that the opposite angles of a rhombas are bisected by the 
diagonal which joins them. 

7. Shew that the straight lines which bisect the base angles of an 
isosceles triangle form with the base a triangle which is also isoscelen, 


R. ABC is an isonceles triangle having AB equal to AC; and tho 
angles at Band C are bisected by straight lines which mect at O: 
xhew that OA bisects the angle BAC. 


9. Shew that the triangle formed by joining the middle points of 
the sides of an equilateral triangle is also equilateral. 


10. The equal sides BA, CA of an isosceles triangle BAC are pro- 
duced beyond the vertex A to the pointa E and F, #0 that AE 1 equal 
to AF; and FB, EC are joined: shew that FB is equal to EC. 


11. Shew that the diagonals of a rhombus bisect one another at 
right angles. 
12. In the equal sides AB, AC of an isosceles triangle ABC two 


points X and Y are taken, so that AX is equal to AY; and CX and BY 
are drawn intersecting in O: shew that 
(i) the triangle BOC is isosceles ; 
(ii) AO bisects the vertical angle BAC; 
(ii) AO, if produced, bisects BC at right angles. 
18. Deseribe an isosceles triangle, having given the base and the 
length of the perpendicular drawn from the vertex to the buse. 
14. Ina given straight line find a point that is equidistant from 
two given pointa, . 
In what case is this impossible ? 
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Prorosinon 13. Tuerorem. 


If one straight line stand upon another straight line, 
then the adjucent angles shall be either two right angles, or 
lugether equal to two right angles. 

E A 


D B Cc D B Cc 


Let the straight line AB stand upon the straight line Oc: 
then the adjacent angles DBA, ABC shall be either two right 
angles, or together equal to two right angles. 

Case I. For if the angle OBA is equal to the angle ABC, 
each of them Js a right angle. Def. 7. 

Case II. But if the angle DBA is not equal to the 
angle ABC, 

from B draw BE at right angles to CD. wl. 
Proof. Now the angle OBA is made up of the two 
angles OBE, EBA; 
tu each of these equals add the angle ABC; 
then the two angles OBA, ABC are together equal to the 
three angles DBE, EBA, ABC. Ar. 2. 

Again, the angle EBC is made up of the two angles EBA, 

ABC ; 

to each of these equals add the angle DBE. 

Then the two angles OBE, EBC are together equal to the 
three angles OBE, EBA, ABC. Ax. 2. 

But the two angles DBA, ABC have been shewn to be equal 
to the same three angles ; 

therefore the angles DBA, ABC are together equal to the 
angles DBE, EBC. Az, 1. 

But the angles DBE, EBC are two right angles; Constr. 
therefore the angles DBA, ABC are together equal to two 

right angles, Q. KD. 
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DEFINITIONS. 


(i) The complement of an acute anyle is ita defect from 
a right angle, that is, the angle by which it falls short of a right 
age. 

Thus two angles are complementary, when their suin ix a 
right angle. 


(ii) The supplement of an angle is its defect from two right 
angles, that is, the angle by which it falls short of two right 
angles, 

Thus two anyles are supplementary, when their sui ia two 
right angles, 


CoRoOLLany,  Anglea which are complementary or aude. 
mentary to the same angle are equal Wo one another, 


EXERCISES. 


1. If the two exterior angles formed by producing a side of a tri- 
angle both ways are equal, shew that the triangle is isoscelen, 


2. The bisectora of the adjacent angles which one straight line 
makes wilh another contain a right angle. 


Nore. In the adjoining figure AOB 
4a given angle; aud one of ith arma AO 
in produce] to C: the adjacent angles 
AOB, BOGeare bisected by OX, OY. 

Then OX and OY are called respect- 
ively the internal and external bisectors 
of the angle AOB. 


Hence Exercise 2 may be thus enunciated : 





The internal and external bisectors of an angle are at right anglea 
to one another. 


3. Shew that the angles AOX and COY are complementary. 


4. Shew that the angles BOX and COX are supplementary; and 
also that the angles AOY and BOY are supplementary. 
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Proposition 14. THRoReEM. 


If, at a point in a straight line, two other straight lines, 
on opposite sides of it, make the adjacent angles together 
equal to two right angles, then thease two straight lines shall 
be tn one and the same straight live. 


E 
ee 


Cc B D 


At the point B in the straight line AB, let the two 
straight Jines BC, BO, on the opposite sides of AB, make 
the adjacent angles ABC, ABO together equal to two right 
angles : 

then 8D shall be in the same straight line with BC. 
Proof. For if BO be not in the same straight line with BC, 

if possible, Jet BE be in the same straight line with 6C. 
Then because AB meets the straight line CBE, 
therefore the adjacent angles CBA, ABE are together equal 


to two right angles. 1 13. 
But the angles CBA, ABO are also together equal to two 
right angles. LTyp. 
Therefore the angles CBA, ABE are together equal to the 
nngles CBA, ABD. Ar. JI. 


From cach of these equals take the common angle CBA; 
then the remaining angle ABE is equal to the remaining angle 
ABD; the part equal to the whole; which is impossible. 
Therefore BE is not in the same straight line with BC. 

And in the same way it may be shewn that no other 
line but BO can be in the same straight Jine with BC. 
Therefore BD is in the same straight line with BC. Q.xDb. 


EXERCISE, 


ABCD is a rhombus; and the diagonal AC is bisacted at O. If 0 
is joined to the angular ‘points B and O; shew that O8 and OD are 
in one straight line, 
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Gbs. When two straight lines intersect at a point, four 
angles are furmed; and any two of thes angles thick ave Hot 
itjacent, are said to be vertically opposite to une another. 


Proposition 15, Turorem. 


[f two straight lines intersect one another, then the vertically 
opposite angles shall be equal. 


Cc € Dd 


A 

Tat the two straight lines AB, CD cut one another at 
the point E: 

then shall the angle AEC be cqual to the angle DEB, 

and the angle CEB to the anule AEO 

Proof. Because AE makes with CD the adjacent angles 
CEA, AED, 

therefore these angles are together equal to two right 


angles. nods. 
Again, because DE makes with AB the adjacent angles AEO, 
DEB, 


therefore these also are together equal to two right angles. 
Therefore the angles CEA, AEO are together equal to the 
nngles AED, OEB. 
From each of these equals take the common angle AED; 
then the remaining angle CEA is equal to the remaining 


angle DEB. Ar. 3. 
In a similar way it may be shewn that the angle CEB 
is equal to the angle AEO. Q. ED, 


CoroLtary 1. From this tt is manifest that, of taco 
straight lines cut one another, the angles which Gey make 


at the point where they cut, are together equal to four right 
angles, 


Cornouuary 2. Consequently, when any number of straight 
lines meet at a point, the sum of the anyles made by cun 
secutive lines ts equal to four right angles. 


TY ww n 
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Prorosition 16. THeores. 


Tf one mde of a triangle be produced, then the exterior angle 
shall be greater than either of the interior opposite angles, 





Let ABC be a triangle, and let one side BC he produced 
to O: then shall the exterior angle ACO be greater than 
either of the interior opposite angles CBA, BAC. 


Construction, Bisect AC at E: 1 10, 
Join BE; and produce it to F, making EF equal to BE. 1. 3. 
Join FC, 

Proof. Then in the triangles AEB, CEF, 
AE is equal to CE, Constr. 
ieee and EB to EF . Constr. 
also the angle AEB is cqual to the vertically 
| opposite angle CEF ; 1. 15, 
therefore the triangle AEB is equal to the triangle CEF in 
all respects : 1, 4, 


so that the angle BAE is equal to the angle ECF. 

But the angle ECD is greater than its part, the angle ECF; 
therefore the angle ECD is greater than the angle BAE; 
that is, the angle ACO 1s greater than the angle BAC. 

Tn a similar way, if BC be bisected, and the side AC 
produced to G, it may be shewn that the angle 8CG is 
greater than the angle ABC. 

But the angle BCG is equal to the angle ACO: = 1. 15. 
therefore also the angle ACD is greater than the angle ABC. 
Q. E.D. 
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Proposition 17. THROREN. 


Any two anylea of a triangle are together less than too 
right angles. 


A 


ee etd daleeel 


8 Cc 0 

Tet ABC bea triangle: then shall any two of its angles, as 
ABC, ACB, be together less than two right angles, 

Construction. Produce the side BC to D. 

Proof. Then lecause ACD is an exterior angle of the 
triangle ABC, 

therefore it ix greater than the interior opposite angle 
ABC. 1 16, 

To each of these add the angle ACB: 
then the angles ACD, ACB are together greater than the 


angles ABC, ACB. Ax, 4. 
But the adjacent angles ACO, ACB are together equal to 
two right angles. 1 13. 


Therefore the angles ABC, ACB are toyether less than two 
right angles, 
Similarly it may be shewn that the angles BAC, ACB, as 
also the angles CAB, ABC, are together Jess than two right 
angles. QQ. Bb. 


Notr. It follows from this Proposition that erery triangle must 
have at least tio acute angles: for if one angle in obtune, or a right 
angle, each of the other angles must be lesa than a right angle. 


EXERCISES, 


1. Enunciate this Proposition ao as to shew that it is the converse 
of Axiom 12, ‘ 

2. Hf any side of a triangle is produced both wayn, the exterior 
angles so formed are together greater than two right angles. 

3. Shew how a proof of Proposition 17 may be obtained by 
joining each vertex in turn to any point in the opposite side. 


a Fs) 
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Proposition 18. THrores. 


If one wide of a triangle be greater than another, then 
the angle opposite to the greater mde shall be greater than 
the angle opposite to the less. 


A 


B Cc 
Tat ABC be a triangle, in which the side AC is greater 
than the side AB; 
then shall the angle ABC be greater than the angle ACB. 
Construction, From AC, the greater, cut off a part AD equal 
to AB. 3. 
Join BD. 
Proof. Then in the triangle ABD, 
because AB is equal to AD, 
therefore the angle ABD is equal to the angle ADB. 
But the exterior angle ADB of the triangle BDC is 
greater than the interior opposite angle DCB, that is, 
greater than the angle ACB. 1. 16. 
Therefore also the angle ABD is greater than the angle ACB; 
still more then is the angle ABC yreater than the angle 
ACB. Q. E.D. 


ay) 


Euclid enunciated Proposition 18 as follows : 
The greater mde of every triangle has the greater angle 
opposite to A, 
[Thie form of enunciation is found to be a common souree of diffi- 


culty with beginners, who fail to distinguish what is assumed in it and 
what is to be prored.] 


{For Exercises see page 38.) 
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Proposition 19. THrorem. 


Lf one angle of a triangle be greater than another, then 
the side oppomnte to the yreater angle shall be greater than 
the side opposite to the less. 


A 


B Cc 


Let ABC be a triangle in which the angle ABC is greater 
than the angle ACB: 
then shall the side AC be greater than the side AB. 
Proof. — For if AC be not greater than AB, 
it must be either equal to, or less than AB. 
But AC is not equal to AB, 
for then the angle ABC would be equal to the angle ACB; 1.4, 
but it is not. Hyp. 
Neither is AC less than AB; 
for then the angle ABC would be less than the angle ACB; 1.18, 


but it is not: LH yp. 
Therefore AC is neither equal to, nor less than AB. 
That 1s, AC is greater than AB. Q. FD. 


Notre. The mode of demonatration used in this Proposition is 
known as the Proof by Exhaustion. It 16 applicable to cases in which 
one of certain mutually exclusive suppositions must necessarily be 
truc; and it consists in shewing the falsity of cach of thene supposi- 
tions in turn swith one exception; hence the truth of the remaining 
supposition is inferred. 


Euclid enunciated Proposition 19 as follows : 


The greater angle of every triangle wu subtended by the 
greater side, or, has the greater side opposite to u. 


[For Exercises see page 38.) 
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Provosition 20. THroreo. 


Any two sides of a triangle are together greater than the 
third side. 


D 


B C 


Let ABC be a triangle: 
then shall any two of its sides be together greater than the 
third side : 
namely, BA, AC, shall be greater than CB ; 
AC, C8 greater than BA; 
and CB, BA greater than AC. 


Construction. Produce BA to the point. 0, making AD equal 


to AC. 1. 3. 
Join DC. 
Proof. Then in the triangle ADC, 
because AD is equal to AC, Constr. 


therefore the angle ACD is equal to the angle ADC. 1.4, 

But the angle BCD is greater than the angle ACD, Ar. 9. 

therefore also the angle BCD is greater than the angle ADC, 
that is, than the angle BDC. 


And in the triangle BCD, 
because the angle BCO is greater than the angle BOC, /’r. 
therefore the side BD is greater than the side CB. 1, 19. 


But BA and AC are together equal to BD ; 
therefore BA and AC are together greater than CB. 


Similarly it may be shewn 
that AC, CB are tovether greater than BA; 
and CB, BA are together greater than AC. 9. BD. 


[For Exercises see page 83.) 
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Proposition 21. Turongs. 


Uf from the ends of a side of a triangle, there be drawn 
two straight lines to a point within the triangle, then thease 
straight lines shall be leas than the other two sides of the 
triangle, but shall contain a greater angle. 


A 
(2 


B Cc 


Let ABC be a triangle, and from B,C, the ends of the 
side BC, let the two straight lines BD, CD be drawn to 
& point O within the triangle ; 
then (i) BD and DC shall be together less than BA and AC; 

(ii) the angle BOC shall be greater than the angle BAC. 


Conatruction. Produce BO to meet AC in E. 


Proof. (i) In the triangle BAE, the two sides BA, AE are 

together r greater than the third side BE: 5. 20), 
ty each of these add EC : 

then BA, AC are together greater than BE, EC. Ar. 4. 


Again, in the triangle DEC, the two sides DE, EC are to 
gether greater than OC : 1, 20, 
to each of these add BD; 
then BE, EC are toucther greater than BD, DC. 
But it has been shewn that BA, AC are together greater 
than BE, EC: 
still more then are BA, AC greater than BD, OC. 


(ii) Again, the exterior anule BOC of the triangle DEC is 

greater than the interior opposite angle DEC ; 1 16. 

and the exterior angle DEC of the triangle BAE is greater 

than the interior opposite angle BAE, that m, than the 

angle BAC ;. 1. 16. 

still more then is the angle BOC greater than the angle BAC. 
Q.E.v. 
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EXERCISES 
os Propoarrions 18 anp 19. 


1. The hypotenuse is the greatest side of a right-angled triangle. 


2. If two angles of a triangle are equal to one another, the sides 
also, which subtend the equal angles, are equal to one another. Prop. 6. 
Prove this indirectly by using the result of Prop, 18. 


3. BC, the base of an isosceles triangle ABC, is produced to any 
point D; shew that AD is greater than either of the equal sides. 


4. Ifin a» quadrilateral the greatest and least sides are opposite to 
one another, then ench of the angles adjacent to the least side is 
ereater than ita opposite angle. 

5. In a triangle ABC, if AC is not greater than AB, shew that 


any straight line drawn through the vertex A and terminated by the 
base BC, is less than AB. 


6. ABC is a triangle, in which OB, OC biscct the angles ABC, 
ACB respectively: shew that, if AB is greater than AC, then OB is 
greater than OC. 


ox Propostrion 20. 


7. The difference of any two sides of a triangle is less than 
the third side. 


& Ina quadrilateral, if two opposite sides which are not parallel 
are produced to meet one another; shew that the perimeter of the 
greater of the two triangles so formed is greater than the perimeter of 
the quadrilateral. 


9 The sum of the distances of any point from the three angular 
points of a triangle is greater than half its perimeter. 


10, The perimeter of a quadrilateral is greater than the sum of its 
dingonals, 


11. Obtam a proof of Proposition 20 by bisecting an angle by a 
straight line which tneets the opposite side. 


on Proprosirion 21, 


12. In Proposition 21 shew that the angle BOC is greater than 
the angle BAC by joining AD, and producing it towards the base. 


13. The sum of the distances of any point within a triangle from 
its angular points is less than the perimeter of the triangle. 
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Prorosirion 22. Prowuxm. 


To describe a triangle having tte sides equal to three 
given straight lanes, any two of which are together greater 


than the third. 


/M 
Let A, B, C be the three given straight dines, of which 
any two are together greater than the third. 


It is required to describe a triangle of which the sides 
thall be equal to A, B, C. 


Construction, Take a straight line OE terminated at the 
point D, but unlimited towards E. 

Make OF equal to A, FG equal to 8B, and GH equal toc. 1. 3. 
From centre F, with radius FO, deseribe the circle OLK. 
From centre G@ with radius GH, describe the circle MHK, 

cutting the former circle at K. 
Join FK, GK. 


Then shall the triangle KFG have its sides equal to the 
three straight lines A, B, C. 


Proof. Because F is the centre of the circle DLK, 


therefore FK is equal to FD: Def V1. 
hut FO is equal to A; Constr. 
therefore also FK is equal to A. Aw. 1. 
Again, because G is the centre of the circle MHK, 
therefore GK is equal to GH: pref V1. 
but GH is equal to C ; Constr. 
therefore also GK is equal toc. * Ac}, 
And FG is equal to B. Conatr. 


Therefore the triangle KFG has its sides KF, FG, GK equal 
reapectively to the three given lines A, B, C. QE.F. 
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EXERCISE, 


On a given base describe a triangle, whose remaining sides shall be 
equal to two given straight lines. Point out bow the construction 
fails, if any one of the three given lines is greater than the sum of 
the other two. 


Proposition 23. Propeiem. 


Al @ given point ina given straight line, to make an 
angle equal to a given angle. 


C 


D F 
B 


Let AB be the given straight line, and A the given point 
in it; and let OCE be the given angle. 

Tt is required to draw from Aa straight line making 
with AB an angle equal to the given angle DCE. 


Construction. In CD, CE take any points D and E; 
and join DE. 


From AB cut off AF equal to CD. 1. 3. 
On AF describe the triangle FAG, having the remaining 
sides AG, GF equal respectively to CE, ED. boo. 


Then shall the angle FAG be equal to the angle DCE. 
Proof. For in the triangles FAG, OCE, 


| FA is equal to DC, Constr. 
Lecause - and AG is equal to CE ; Coneatr. 
land the base FG is equal to the base DE: Constr. 


therefore the angle FAG is equal to the angle OCE 1. & 
That is, AG makes with AB, at the given point A, an angle 
equal to the given angle DCE, Q.E.F, 


BOOK L PROP. 24. 4] 


Prorostrion 24. 


If two triangles have two sides of the one equal to tro 
wides of the other, each to each, but the angle contained by 
the two sidea of one greater than the angle contained by 
the correaponding sides of the other; then the base of that 
which has the greater angle shall be greater than the base of the 
other. 


A 





Let ABC, DEF be two triangles, in which the two sides 
BA, AC are equal to the two sides EO, DF, exch to each, 
but the angle BAC greater than the angle EDF : 

then shall the base BC be greater than the hase EF. 


* Of the two sides DE, OF, let DE be that which is not 
vreater than OF. 


Construction. At the point 0, in the stratht line ED, 
and on the same side of it as DF, make the angle EOG 
equal to the angle BAC. ee) F 

Make OG equal to DF or AC; 1 3, 
and join EG, GF. 


Proof. Then in the triangles BAC, E0G, 


BA is equal to ED, Hyp. 

hacepies and AC is equal to DG, Conatr. 
also the contained angle BAC is equal to the 

contained angle EDG ; Conatr. 

Therefore the triangle BAC is equal to the triangle EOG in 
all respects : 1. 4, 


$0 that the base BC is equal to the base EG. 
* See note on the next page. 
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A D 


F 


Again, in the triangle FOG, 
because DG is equal to OF, 
therefore the angle OFG is equal to the angle OGF, 1. 5. 
but the angle DGF is greater than the angle EGF ; 
therefore also the angle OFG is greater than the angle EGF ; 
still more then is the angle EFG greater than the angle EGF. 


And in the triangle EFG, 
because the angle EFG is greater than the angle EGF, 
therefore the side EG is greater than the side EF; 1. 19. 
but EG was shewn to be equal to BC ; 
therefore BC is greater than EF. Q.E.D. 


* This condition was inserted by Simson to ensure that, in the 
complete construction, the point F should fall below EG. Without 
this condition it would be necessary to consider three cases: for F 
might fall above, or upon, or below EG; and each figure would require 
separate proof, 

We are however searoely at liberty te employ Simson’s condition 
without prowng that it fulfils the object for which it was introduced. 

This may be done as follows: 

Tet EG, OF, produced if necessary, intersect at K. 
Then, since OE is not greater than OF, 
that is. since DE is not greater than DG, 
therefore the angle OGE is not greater than the angle OEG. 1. 18. 
but the exterior angle OKG is greater than the angle DEK: 1. 16. 
therefore the angle DKG is greater than the angle OGK. 


Hence DOG is greater than DK. x, 19. 


But OG is equal to DF ; 
therefore OF is greater than DK. 


O.. din d thin mniod FB oianaind F291 LD. EO 
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Or the following method may be adopted. 


Proposirion 24. [Atternative Proor. | 


In the triangles ABC, DEF, 
let BA be equal to ED, 
and AC equal to OF, 
nut let the angle BAC be greater than 
the angle EOF: 
then ahall the base BC be greater than 
the base EF. 


For apply the triangle DEF to the 
lriangle ABC, so that D may fall on A, 
snd DE along AB: 

then because DE is equal to AB, 
therefore E must fall on B. 
And because the angle EDF is Jess than the angle BAC, Hyp, 
therefore DF must fall between AB and AC. 
Lat DF occupy the position AG. 


Cask I, IfG falls on BC: 
Then G must be between B and C: 
therefore BC is greater than BG. 
But BG is equal to EF: 
therefore BC is greater than EF. 


Case 11. If G does not fall on BC. 
Bisect the angle CAG by the straight line AK 


which meets BC in K. 1. 9. 
Join GK. 
Then in the triangles GAK, CAK, 
GA in equal to CA, Hyp. 


and AK is common to both; 
Because the angle GAK is equal to the 
angle CAK; Conatr. 
therefore GK is equal to CK, 1. 4. 
But in the triangle BKG, 
the two sides BK, KG are together greater than the third side BG, 1. 20. 
that is, BK, KC are together yreater than BG; 
therefore BC is greater than BG, or EF. Q.E.D. 
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Prorosirion 25, THEorRem. 


If two triangles have two sules of the one equal to two 
aides of the other, each to cach, but the base of one greater 
than tha base of the other; then the angle contained ly the 
wiles of that which haa the greater base, shall be greater than 
the angle contuined by the corresponding sides of the other, 


A D 


F 


Let ABC, DEF be two triangles which have the two sides 
BA, AC equal to the two sides ED, DF, each to each, but the 
base BC preater than the base EF : 

then shall the angle BAC be greater than the angle EOF. 


Proof. For if the angle BAC be not greater than the 
angle EOF, it must be either equal to, or Jess than the 
angle EDF. 


But the angle BAC is not equal to the angle EDF, 
for then the base BC would be equal to the base EF; 1. 4. 
but it is not, Hyp. 
Neither is the angle BAC less than the angle EDF, 

for then the base BC would be less than the base EF ; 1. 24. 

but it is not, Hyp. 

Therefore the angle BAC is neither equal to, nor less than 
the angle EDF ; 

that is, the angle BAC is greater than the angle EDF. Q.E.D. 


EXERCISE. 


In a triangle ABC, the vertex A is joined to X, the middle 
point of the base BC, shew that the angle AXB is obtuse or acute, 
according as AB is greater or less than AC. 


BOOK EL PRoP. 26. 4% 


Proposition 26. Tueoren. 


If two triangles have two angles of tha one equal to tivo 
anglea of the other, each to each, and a side of one equal 
toa mde of the other, these sides being etther adjacent to the 
equal angles, or opposite ta equal angles in each; then shall 
the triangles be equal tn all reapects. 


Case T. When the equal sides are adjacent to the equal 
angles in the two triangles. 


A Le) 


B Ce F 


Let ABC, DEF be two triangles, which have the angles 
ABC, ACB, equal to the two angles DEF, OFE, each to each ; 
and the side BC equal to the side EF : 
then shall the triangle ABC be equal to the triangle OEF 

in all respects ; 
that is, AB shall be cqual to DE, and AC to DF, 

and the angle BAC shall be equal to the angle EOF, 

For if AB be not equal to DE, one must be greater than 
the other, If possible, let AB be yreater than DE. 


Construction, From BA cut off BG equal to ED, 1. 3. 
and join GC. 


Proof. Then in the two triangles GBC, DEF, 


GB is equal to DE, Constr. 

R and BC to EF, Iyp. 
CAURE Jaleo the contained angle GBC is equal to the 
contained angle DEF ; Hyp. 


therefore the triangles are equal in all respects; 1. 4. 
xo that the angle GCB is equal to the angl# OFE. 
But the angle ACB is equal to the angle DFE; Hyp. 
therefore also the angle GCB is equal to the angle ACB ; Az.1. 
the part equal to the whole, which is impossible, 
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CeE 


Therefore AB is not unequal to DE, 
that is, AB is equal to DE. 


Hence in the triangles ABC, DEF, 


AB is equal to DE, Proved, 

aa hainat and BC is equal to EF 5 _ LL app. 
also the contained angle ABC is equal to the 
contained angle OEF ; Hyp. 

therefore the triangles are equal in all respects: 1. 4. 


so that the side AC is equal to the side OF ; 
and the angle BAC to the angle EDF. QED. 


Case Tf. When the equal sides are opposite to equal 
angles in the two triangles. 


A D 


6 HW C € F 


Let ABC, DEF be two triangles which have the angles 
ABC, ACB equal to the angles DEF, DFE, each to each, 
and the side AB equal to the side DE: 

then shall the triangles ABC, DEF be equal in all respecte ; 
that is, BC shall be equal! to EF, and AC to DF, 

and the angle BAC shall be equa! to the angle EDF. 
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For if BC be not equal to EF, one must be greater than 
the other. If possible, let BC be greater than EF. 


Constructwn. From BC cut off BH equal to EF, 3. 
_ and join AH. 


Proof Then in the triangles ABH, DEF, 


AB is equal to DE, Typ. 

faatas and BH to EF, . Conatr. 
also the contained angle ABH is equal to tho 
contained angle DEF ; Llyp. 


therefore the triangles are equal in all respects, 1. 4. 

80 that the angle AHB is equal to the angle DFE. 
But the angle OFE is equal to the angle ACB; f/ yp). 
therefore the angle AHB is equal to the angle ACB; dA. 1. 
that is, an exterior angle of the triangle ACH is equal to 
an interior opposite angle; which is impossible. 1, 16. 

Therefore BC is not unequal to EF, 
that is, BC i> equal to EF. 


Henee in the triangles ABC, DEF, 


AB is equal to DE, LT pp. 

aes and BC is equal to EF ; . Proved, 
~ also the contained angle ABC is equal to the 
contained angle DEF ; Happ. 


therefore the triangles are equal in all respects 1 4, 
s0 that the side AC is equal to the side OF, 
and the angle BAC to the angle EDF, 
Q.B.D. 


Coroicary. Jn both cases of this Proposition tt ta seen 
that the triangles may be made to coincide with one another; 
and they are therefore equal in areca. 
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ON THE IDENTICAL EQUALITY OF TRIANGLES, 


At the close of the first section of Book I., it is worth while 
to call special attention to those Propositions (viz. Props, 4, 8, 26; 
which deal with the identical equality of two triangles. 


The results of these Propositions may be summarized thus: 


Two triangles are equal to one another in all respects, when 
the following parts in each are equal, each to each. 


1, Two sides, and the included angle. Prop. 4, 
2. The three sides. Prop. &, Cer. 


3. (a) Two angles, and the adjacent side. 


(b) Two angles, and the side opposite one of > Prop, 26. 
them. 


From this the beginner will perhaps surmise that two tri. 
angles may be shewn te be equal in all respects, when they have 


three parts equal, exch to cach; but to this statement two obvious 
exceptions intist be made. 


GQ) Whou in two triangles the three angles of one are equal 
to the three angles of the other, each to each, it dees aod 
necessurily follow that the triangles are equal in all respeets, 


di) When in two triangles two sides of the one are equal 
to two sides of the other, each to each, and one angle cqaal to 
one angle, these not being the angles included by the equal sides ; 
the triangles are nog necessarily equal in all respects, 


In these cases a further condition must be added to the 
hypothesis, before we can assert the identical equality of the 
two triangles. 


{See Theorems and Exercises on Book I, Ex. 13, Page 92.] 


We observe that in each of the three cases already 
of identical equality in two triangles, namely in Propositions 4, 
&, 26,26 is shewn that the trianzles may be made to cotactdr 
with one another; so that they are equal in area, as in all 
other respects. Euclid however restricted himself to the use of 
Prop. 4, when he required to deduce the equality in area of two 
triangles from the equality of certain of their parts. 


This restriction has been abandoned in the present text-book. 
[See note to Prop. 34.] 
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EXERCISES ON PROPOSITIONS 12-~26. 


i. If BX and CY, the bisector: of the anyles at the base BC of an 
jsoscvles trianzie ABC, meet the a ea sides in Mand Y, shew that 
the triangles YBC, XCB are equal in all respects. 


2. Shew that the perpendicnlara drawn from the extremities of 
the base of an isosceles tniangle to the opposite sides aru equal, 


3. Any point on the bisector of an angle is equidistant frum the 
arma of the angle. 


4. Through O, the middle point of a straight line AB, any straight 
ine is drawn, and perpendiculars AX and BY are dropped upon it from 
A and B: shew that AX is equal to BY. 


5. If the hisector of the vertical angle of a trinngls i4 at right 
angles to the base, the triangle is tsoseeles, 


6. The perpendicular ia the shortest: straight line that can be 
drawn from a gicen point to a aiven straight line; and of others, that 
tlach ta nearer to Che perpendicular ia lesa than Che more remote; and 
too, and only tro equal straight loves can be drawn from the quer 
voint to the garen straight line, one on cach side of the perpendicular, 

7, From tio qiren poiuta on Cee aame aide of a given atraighe lire, 
draw tice atrataht lines, which shail meet ue the geven atrarght line 
und make equal angles with wf. 


Let AB be the given straight line, p 
and P,Q the given points. Q we 


It 1s required to draw from P and Q , 
to a point in AB, two straight line; Qe 


A ee 
that shall be equally inclined to AB. K me ‘4 B 
Cunatraction. From P draw PH vi ip’ 


perpendicular to AB: produce PH to 
P’, making HP’ equal to PH. Draw QP’) wecting AB in K. Join 
PK. 


Then PK, QK shall be the required lines. [Supply the proof.] 


&. Ina given straight line find a point which iv equidistant from 
two given intersecting straight hnes. In what case is this wipossilse? 


9. Through a given point draw a straight line such that the ver- 
pendiculars drawn to it from two piven points may be equai, 
In what case is this impossible ? 
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SECTION II. 
PARALLEL STRAIGHT LINES AND PARALLELOGRAMS. 


Derinition. Parallel straight lines are such as, being 
in the same plane, do not, meet however far they are pro- 
duced in both directions. 


When two straight lines AB, CD aro met by a third straight 
line EF, ewAt angles are formed, to which 
for the sake of distinction particular A 
NAICS Ae LIVE, 

Thus in the adjoining figure, 

1, 2, 7, 8 are called exterior angles, 






3, 4,5, 6 are called interior angles, 5/4 
4 and 6 are said to be alternate angles; 7877 CO 
Bo also the angles 3 and 5 are alternate to Ah 

one another, F 


Of the angles 2 and 6, 2 is referred to as the exterior angle, 
and 6 us the interior opposite angle on the same side of EF, 

2 and 6 are sometimes called corresponding anyles. 

So also, Land 5, 7 and 3, 8 and 4 are corresponding angles. 


Euclid’s treatment of parallel straight lines is hased upon his 
twelfth Axiom, which we here repeat. 


Axiom 12. Tf a straight line cut two straight lines so 
as to make the two interior anyles on the same side of 
it together less than two right angles, these straight lines, 
being continually produced, will at length meet on that 
side on which are the angles which are together less than 
two right angles. 


Thus in the figure given above, if the two angles 3 and 6 are 
together less than two right angles, it is asserted that AB and 
CD will meet towards B and D. 

This Axiom is used to establish 1. 29: some remarks upon it 
will be found in s note on that Proposition. = 


BOOK i PROP. 27. $1 


Proposition 27. Tixorx™. 


If a straight line, falling on two other straight lines, make 
the alternate angles equal to one another, then the etraight 
lines shall be parallel, 





Let the straight line EF cut the two straight lines AB, 
CD at G and H, 80 as to make the alternate angles AGH, 
GHD equal to one another: 

then shall AB and CD be parallel. 


Proof, — For if AB and CO be not parallel, 

they will meet, if produced, either towards B and D, or to- 
wards A and C. 

If possible, let AB and CO, when produced, meet towards B 
and OD, at the pot K. 

Then KGH is a triangle, of which one side KG is produced 
to A: 

therefore the exterior angle AGH is greater than the interior 
opposite angle GHK. 1, 16. 

But the angle AGH is equal to the angle GHK: = f/yp. 
hence the angles AGH and GHK are both equal and unequal , 
which is nnpossible. 

Therefore AB and CD cannot meet when produced towards 

B and D. 


Similarly it may be shewn that they cannot mect towards 
A and C: . 


therefore they are parallel. Q. E. D. 
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Prorvesirion 28. Turorem. 


Lf a straight line, falling on two other straight linea, 
make an esterior angle vqual to the tuterior opposite angle 
on the same wide of the line, or YY it make the antersor 
angles on the same side together equal to two right angles, 
then the two straight lines shall be parallel. 





Let the straight line EF cut the two straight lines AB, 
CD in G and H: and 
Ferat, let the exterior angle EGB be equal to the interior 
opposite angle GHD: 
then shall AB and CO be parallel. 
Proof, Because the angle EGB is equal to the angle GHD; 
and because the angle EGB is also equal to the vertically op- 
posite angle AGH; 1. 15. 
therefore the angle AGH is equal to the angle GHD; 
but these are alternate angles; 
therefore AB and CO are parallel. ii: 
Q. ED, 
Secordly, let the two interior angles BGH, GHD be to- 
gether equal to two right angles: 
then shall AB and CD be parallel, 
Proof. Because the angles BGH, GHD are together equal 


to two right angles; Hyp. 
and because the adjacent angles BGH, AGH are also together 
equal to two right angles ; 1. 13, 


therefore the angles BGH, AGH are together equal to the 
two angles BGH, GHD. 
From these equals take the common angle BGH: 
then the remaining angle AGH is equal to the remaining 
angle QHD: and these are alternate angles; 
therefore AB and CD are parallel. 1. 27. 
Q. R. D. 


BOOK To Frop. 29, 43 


Proposition 29. Tuarkoren. 


Ifa atraight line fall on tiro parallel atraight lines, then it 
shall make the alternate angles equal to one another, and the 
erterior angle equal to the anterior oppomte angle on the 
sime mde; and aleo the tire interior anglea on the same 
side equal to trv right angles. 





Let the straight line EF fall on the parallel straight 
lines AB, CD: 
then (4) the alternate angles AGH, GHD shall he equal to 
one another; 
(nN) theextertor angle EGB shall be equal to ¢he interior 
Opposite angle GHO; 
(ui) the two interior angles BGH, GHD shall be together 
equal to two right angler. 
Proof. i) For if the angle AGH be not equal to the angle 
GHD, one of them must be greater than the other. 
Jf possible, let the angle AGH be yreater than the angle 
GHD; 
add to each the angle BGH: 
then the angles AGH, BGH are together greater than the 
angles BGH, GHD. 
But the adjacent angles AGH, BGH are together equal to 
two right angles ; 1, 13. 
therefore the angles BGH, GHO are together less than two 
right angles ; 
therefore AB and CD meet towards Band ©. Av. 12. 
But they never meet, since they are parallel, //yp. 
Therefore the angle AGH is not unequal to the angle GHD: 
that is, the alternate angles AGH, GHD are equal. 


(Over) 


54 EUCLID'’S ELEMENTS. 





(ii) Again, because the angle AGH is equal to the verti- 


cally opposite angle EGB; bd, 
and because the angle AGH is equal to the angle GHD; 
Proved. 


therefore the exterior angle EGB ix equal to the interior op- 
posite angle GHD. 


(iii) Lastly, the angle EGB is equal to the angle GHO, 
Proved, 
add to each the angle BGH; 
then the angles EG8, BGH are together equal to the angles 
BGH, GHD. 
But the adjacent angles EGB, BGH are together cqual to 


two right angles: 1. 15, 
therefore also the two interior angles BGH, GHD aro to- 
gether equal to two right angles, Q. ELD. 


EXERCISES ON PROPOSITIONS 27, 28, 2Y. 


1. Two straight lines AB, CO bisect one another at O: shew that 
the straight lines joining AC and BD are parallel (3. 27.] 


2. Straight lines which are perpendicular to the aame straight line 
are parallel to one another. {1. 27 or 1, 28.] 


8. Ifa straight line meet Geo or more parallel straight lines, and ia 
perpendicular to one of them, tt te alse perpendicular to all the others. 
{1. 29.} 


4. If two atraight lines are parallel to two other straight lines, each 
to each, then the angles contained by the first pair are equal respectively 
to the angles contained by the second pair. {1- 29.) 


BOOK Ll. PROF. 29. es 


NoTeE ON THE TWELPYTH AXIOM. 


It must be admitted that Euclid’s twelfth Axiom is un- 
satisfactory as the basis of a theory of parallel straight lines. 
It cannot be revarded as cither simple or selfevident, and it 
therefore falls short of the essential characteristics of an axiom: 
nor is the difficulty entirely removed by considering it as a cor- 
rollary to Proposition 17, of which it is the converse. 

Many substitutes have been proposed ; hut we need only notice 
here the system which has met with most peneral approval, 


This system rests on the following hypothusis, which ia put 
forwanl asa fundamental Axiotn. 


Axiom. Tire ratersectingy straosght lines cannot be both parallel 
fo a Utrd straight line, 


This statement is known as Playfair’s Axiom; and though 
it is not altogether free from objection, itis recomended as 
both sirapler and amore fundamental than that employed by 
Euchd, and more readily adinitted without proof, 


Sad 


Propositions 27 and 2s having been proved in the usital way, 
the first part of Proposition 20 ns then given this, 


Proposition 29.0 (Avrennative: Proor,| 


Tf a straight line fall on teo parullel straight lines, then vt 
shall make the alternate angles equal, 


Let the straight line EF meet the two 
parallel straiyht lines AB, CD, at G 
und H: 
then shall the alternate angles AGH, 
GHD be equal. 

For if the anzle AGH is not equal to the 
angle GHD: 

at G in the straight line HQ make the 
angle HGP equal to the angle GHD, 
an-l alternate to it. tas, 

Then PG and CD are parallel. 1. 27. 

But AB and CO are parallel: Hyp. 
atk the twu intersecting straight lines AG, PG are both parallel 
w : 





which is impossible. Playfgir's Axiom, 
Therefore the angle AGH is not unequal to the angle GHD, 
that is, the alternate angles AGH, GHO are equal, ¢ x9. 
The second and third parts of the Proposition may then be deduced 
as in the text; and E ‘s Axiom 12 slices asa Corollary. 
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Proposition 30. Turorem. 


Straight linea which are parallel to the same straight lina 
are parallel to one another, 


Let the straight lines AB, CO be each parallel to the 
straight line PQ: 
then shall AB and CD be parallel to one another, 


Construction. Draw any straight line EF cutting AB, CO, 
and PQ in the points G, H, and K. 


Proof. "Then because AB and PQ are parallel, and EF 
meets them, 


therefore the angle AGK is equal to the alternate anule GKQ. 
Vie. 
And beeause CO and PQ are parallel, and EF meets them, 
therefore the exterior angle GHD is equal to the interior 
Opposite angle HKQ, 2, 
Therefore the angle AGH is equal to the angle GHD; 
| and these are alternate angles; 
therefore AB and CO are parallel. ere 
QED. 


Nore. If PQ lies between AB and CD, the Proposition may be 
established in a similar manner, though in this case it ecarcely needs 
proof, for it is inconceivable that two straight lines, which do not 
eet an intermodiate straight line, ahould meet one another. 

The truth of this Proposition may be readily deduced from 
Playfair’x Axiom, of which it ia the converse. 

‘ur if AB and CD were not parallel, they would meet when pro- 
duced. Then there would be two intersecting atraight lines both 
parallel to a third straight line: which is impossible. 


Therefore AB and CD never meet; that is, they are parallel. 
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Provosirion 3]. Prosres. 


To draw a straight line through a given point parallel 
to a given straight line. 


Let Abe the given point, and BC the given straight line. 
Tt is required to draw through A a straight line parallel to 
BC. 


Construction. In BC take any point DB; and join AD. 
At the point A in DA, make the angle DAE equal to the 
angle ADC, and alternate to it 25, 
and produce EA to F, 
Then shall €F be parallel to BC. 


Proof. Beeause the straight line AD, meeting the two 
ktraight lines EF, BC, makes the alternate angles EAD, ADC 


equal ; Constr, 
therefore EF is parallel to BC; eae 
and it has been drawn through the given point A 
Qk. 
EXERCISES, 


1. Any straight line drawn parallel to the base of an isoxceles 
triangle makes equal angles with the sides. 


2. If from any point in the bisector of an angle a straight line is 
drawn parallel to cither arm of the angle, the triangle thus furmest is 
lacwceles 

3. From a given point draw a straight line that shall make with 
a given straight line an angle equal to 4 given angle. 


4. From X,a point in the base BC of an isosceles trigngle ABC, a 
straight line is drawn at right angles to the base, cutting AB in Y, and 
CA produced in Z; shew the triangle AYZ is isosceles. 


5. If the straight line which bisects an exterior angle of a triangle 
is parellel to the opposite side, shew that the triangle is isosceles. 
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Proposition 32. Turorem. 


If a side of a triangle be produced, then the exterior 
angle ahall be equal to the sum of the two interior opposite 
angles: alao the three taterior anyles of a triangle are together 
aqual to tieo right anyles. 


A 


B Cc 0 


Let ABC be a triangle, and Jet one of its sides BC be 
produced to 0: 
then (i) the exterior angle ACO shall be equal to the sun 
of the two interior opposite angles CAB, ABC; 
(ii) the three interior angles ABC, BCA, CAB shall 
be together equal to two right angles. 


(‘onatruction, Through C draw CE parallel to BA, 1. 31. 


Proof. (i) Then because BA and CE are parallel, and AC 
meets them, 

therefore the angle ACE is equal to the alternate angle 
CAB. . 29. 


Again, because BA and CE are parallel, and BD meets them, 
therefore the exterior angle ECD is equal to the interior 
opposite angle ABC. ¥-29. 
Therefore the whole exterior angle ACD is equal to the 
suin of the two interior opposite angles CAB, ABC. 


(i) Again, since the angle ACD is equal to the sum of 
the angles CAB, ABC; Proved. 
to each of these equals add the ang!e BCA: 
then the angles BCA, ACD are together equal to the three 

angles BCA, CAB, ABC. 
But the adjacent angles BCA, ACO are together equal to 
two right angles; 1 13. 
therefore also the angles BCA, CAB, ABC are together equal 
to two right angles. Q. E. D. 
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From this Proposition we draw the following important 
inferences. 


1. Uf two triangles have two angles of the one equal to tev angles of 
the other, cach to each, then the third angle of the one ts equal to the 
third angle of the other. 


2. In any right-angled triangle the tio acute anglea are com. 
plementary. 


8. In a right-angled tsosceles triangle cach of the equal angles 
is half a right angle. 


4, If one angle of a triangle ta equal to the aum of the other ten, 
the triangle is right-angled., 


5. The sum of the angles of any quadriiatecral figure ta equal to 
four right angles. 


6, Each angle of an equilateral triangle is aro-thirds of a right 
angle. 


EXERCISES ON PROPOSITION 3 


1. Prove that the three angles of a triangle aie together equal to 
two right angles, 
(i) by drawing through the vertex a straight line parallel 
to the base; 


(ii) by joining the vertex to any point in the base. 


2. If the base of any trianyle is produced both wava, chew that 
the sum of the two exterior angles diminished by the vertical angle is 
equal to two right angles. 


8. If two straight lines are perpendicular to tico ather straight 
lines, each ta each, the acute angle between the first pair ta equal 
to the acute angle between the second pair. 


4. Every right-angled triangle ia divided into Qco taoaceles tri- 
angles by a straight line drawn from the right angle to the middle point 
of the hypotenuse. 


Hence the joining line is equal to half the hypotenuse. 

5. Draw a straight line at right angles to a given finite atraight 
line from one of tls extremities, without producing the given straight 
line. = 

{Let AB be the given straight line. On AB describe any isosceles 
trisngie ACB. Produce BC to D, making CD equai to BC. Join 
AD, Then shall AD be perpendicular to AB.} 
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6, Trisect a right angle. 


7. The angie contained by the bisectors of the anplea at the base 
of an isoseutes triangle 1s equal to an exterior angle formed by pro- 
ducing the base. 


8. The angle contained hy the bisectors of two adjacent angles of 
a quadrilateral is equal to half the sum of the remaining angles. 


The following theorems were added as corollaries to 
Proposition 32 by Robert Simson. 


COROLLARY 1. AM the tuterior anyles af any reclilineal 
figure, with four right angles, are together equal to livice as 
many right angles as the jipure haa mdea. 


D 


B 
Let ABCDE be any rectilineal tigure. 
Take F, any point within it, 
and join F to each of the angular points of the figure. 
Then the figure is divided into as many triangles as it has 


hides. 
And the three angles of each triangle are together equal 
to two right angles. 1 32, 


Hence all the angles of all the triangles are together equal 
to twice as many right angles as the figure has sides. 

But all the angles of all the triangles make up the in- 
terior anyles of the figure, together with the angles 
at F; 

and the angles at F are together equal to four right 
angles: 1, 15, Cor. 

Therefore all the interior angles of the figure, with four 
right angles, are together equal to twice as many right 
angles as the figure has sides, Q. E. D. 
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Coroteary 2. Lf the sides of a rectilinral furure, which 
has no re-entrant angle, are produced tn order, then all the ex- 
tertur angles av furinel are logether equal to four right angles. 


For at each angular point of the figure, the interior angle 
and the exterior angle are together equal to two right 
angles. Loan, 

Therefore all the interior angles, with all the exterior 
angles, are together equal to twice as many right angles 
as the figure has sides. 

But all the interior angles, with four right angles, are to- 
vether equal to twice as many right angles as the figure 


has sides. 132, Cor ft, 


Therefore all the interior andes, with all the eateror 
angles, are together equal to all the interior angles, width 
four night angles. 

Therefore the exterior angles are together equal to four 
right anyles, QF. D. 


EXERCISES ON SIMBON S COKOLLARTES, 


{A polygon is said to be regular when it has all ita sides and all its 
anyles equal.) 


1. Express in terms ofa right angle the magnitude of cach angle 
of (i) a regular hexagon, (a) a rerular octagon, 

2. fone side of a reguiar hexagon is produced, shew that the ex- 
rior angle is equal te the angle ofan equilateral triangle. 


3. Prove Simson’s first Corollary by joining one vertex of the 
rectilineal figure to each of the other vertices. 


4. Find the magnitude of each angle of a regular polygon of 
n sides. © 


&. If the alternate sides of any polygon be produced to meet, the 
sum of the included angles, together with eight right angles, will 
be equal to twice as many right angles as the figure has sides. 


62 EUCLID'S KLEMENTS, 


Proposition 33. Turores. 


The wtravsht lines which join the ertremitus of tivo equal 
and perallel straight lines towards the same ports are thene 
xelves equal and parallel 





Let AB and CD be equal and parallel straight lines; 
and det then be joined towards the same parts by the 
straight line- AC and BD; 


then shall AC and BO be cqual and parallel, 
Constriclion. Join BC. 


Proof Then because AB and CO are parallel, and BC 
meets them, 


therefore the alternate angles ABC, BCD are equal. 3. 29, 


Now in the triangles ABC, DCB, 
AB is equal to DC, uyp., 
and BG is common to both: 

also the anule ABC Is equal to the angle 
OCB; Proved. 
therefore the triangles are equal in all respects; 41 4. 

so that the base AC is equal to the base DB, 

and the angle ACB cqual to the angle DBC ; 

but these are alternate angles ; 

therefore AC and BD are parallel: 1 27 

"and it has been shewn that they are also equal. 


Q. Kk. D. 


Becvause | 


Derinition. A Parallelogram is a four-sided figure 
whose opposite sides are parallel, 
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Propusition 34. Theoren. 


The opposite ndes and angles af a parallelogram are 
equal to one another, and each diagonal bivects the parallelo- 
gram, 


Cc D 


Tat ACOB be a parallelogram, of which BC is n diagonal: 
then shall the opposite sides and angles of the tigure be 
equal to one another; and the diagonal BC shall bisect it. 


Proof, Because AB and CO are parallel, and 8C meets 
them, 
therefore the alternate angles ABC, DCB are equal, 1. Jt 
Again, because AC and BO are parallel, and 6C tects 
thean, 
therefore the alternate angles ACB, DBC are equal, 1 2, 
Hence in the triangles ABC, OCB, 
the angle ABC is equal to the angle OCB, 
and the angle ACB is equal to the angle DBC, 
also the side BC, which is adjacent to the equal 
angles, is common to both, 
therefore the two triangles ABC, DCB are equal in all 
respects; 1. 26. 
KO that AB is equal to DC, and AC to Ob; 
and the angle BAC is equal to the angle COB. 

Also, because the angle ABC is equal to the angle OCB, 
and the angle CBD equal to the angle BCA, 
therefore the whole angle ABD is equal to the whole angle 

DCA. 
And since it has been shewn that the triangles ABC, OCB 
are equal in all respects, 
therefore the diagonal BC bisects the parallelogram ACDB. 
QE b. 


Because 


{See note vn next page.} 
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Nore. To the proof which is hure given Euclid added an applica 
tion of Proposition 4, with a view te shewing that the triangles ABC, 
OCB are equal ¢n arca, and that therefore the diagonal BC bisects the 

rallelogram. Thisequality of area is however sufficiently established 
by the step which depends upon 1, 26. [See page 43.] 


EXERCISES. 


1 Pfonc angle of a parallelojram ina right angle, ull Us angles 
are right angles, 


9 Uf the opposite sides of a quadsilateral are cual, the figure is a 
prrallelogram. 


3. Uf the opposite angles of a puadrilaterad are equal, the figure w 
ae yeeratlelagrain, 


4. Of a quadrilateral hus all ita sides equal and one angle a right 
anyle, all ls angls are right angles. 


5. The diagonals of a paraleberram biaect cach other. 


ti. Tf the diagonals of a quadrilateral biarct each other, the figure 
ta a parallelogram, 


Lad 


7. Uf two opposite angles of a parallelozram are bisected by the 
diagonal which joins them, the figure is equilateral, 


8. If the diagonals of # parallelogram are equal, all its angles are 
rivht anglos. 


0 Ina parallelogram which is not metanyular the diagonals are 
unequal, 


10,0 Any straight line drawn through the middle point of a diagonal 
of a parallelogram and terminated by a pair of oppusite sides, is 
bisected at that point. 


Al. If two parallelograms have to adjacent sides of one equal to 
treo adjacent sides of the other, cach tu cach, and one angle of one equal 
to one angle of the other, the parallelograma are equal in all respects, 


12. Two rectangles are equal if two adjacent sides of one are 
equal to tio adjacent sides of the other, each to cach, 


18. In a parallelogram the perpendicalars drawn from one pair of 
opposite angles to the diagonal which joins the other pair are equal. 


14, If ABCD ia a parallelogram, and X, Y respectively the middle 
points of the sides AD, BC; ahew that the figure AYCX iz a parailelo- 
gran. 


MISCELLANKOUS KXERCISES ON SECTIONS 1, AND IL 6h 


MISCELLANEOUS EXERCISES ON SECTIONS 1. AND It. 


1, Shew that the construction in Proposition 2 may generally be 
performed in eight different ways. Point out the exceptional case. 


2. The bisectors of two vertically opposite angles are in the same 
straight line. 


3. In the figure of Proposition 16, if AF is juined, shew 
(i) thas AF is equal to BC; 
(ii) that the triangle ABC is equal to tho triangle CFA in all 
Yea pects. 


4. ABC iva triangle right angled at B, and BC ia produced to O: 
shew that the angle ACD is obtune. 


5. Shew that in any regular polygon of » sides each angle contains 
ofa 2) right angles. 


6. The angie contained by the bisoctors of the angles at the base 
of any triangle ia equal to the vertical angle together with half the 
sum of the base angles. 


7. The angle contained by the bisectors of two exterior anylea of 
any triangle is equal to half the sum of the two curresponding interior 
angles. 


8. If perpendiculars are drawn to two intersecting straight lind 
from any point between them, shew that the bisector of the angle 
between the perpendiculars is parallel to (or coincident with) the 
bisector of the angle between the given straight lines. 


9. If two points P, Q be taken in the equal sides of an isonceles 
triangle ABC, so that BP is equal to CQ, shew that PQ is parallel to 
BC. 


19. ABC and OEF are two triangles, such that AB, BC are equa: 
aoa © to DE, EF, cach to each; shew that AC is equal and 
to OF. 


ll. Prove the second Corollary to Prop. 32 Ly drawing through 
auy angular point lines parallel to all the sides. 


12. If two sides of a quadrilateral arc psrallel, and the remaining 
two sides equal but not parallel, shew that the opposite angles are 
supplementary; also that the diagonals are equal. 


S—2 


SECTION TE 


THE AKRAM OF PARALLELOGRAMS AND THIANGLES, 


Hitherto when two figures have been said to be eguad, it has 
buen implied that they are wdentically equal, that is, equal in all 


In Section TE. of Euclid'’s first Book, we have to consider 
the equality in area of parallelograms and triangles which are 
not necessarily equal in all: 


[The ultimate test of equality, as we have already men, is afforded 
by Axiom 8, which asserts that magnitudes which may be made te 
coincide with one another are equal. Now figures which are not identi- 
cally equal, cannot be made to coincide without first undergoing some 
change of form: hence the method of direct superposition is unsuited 
to the purposes of the present section. 

We shall ace however from Enclid’s proof of Proposition 35, that 
two figures which are not identically equal, may nevertheless be so 
related to a third figure, that it ix possible to infer the equality of 
their arvas. | 


DEFINITIONS. 


1. The Altitude of a parallelogram with reference to a 
given side as base, is the perpendicular distance between 
the base and the opposite side. 


2, Tho Altitude of a triangle with reference to a given 
side as base, is the perpendicular distance of the : 
Vertex from the | 
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Proposition 35. Turorem. 


Parallelograma on thr same base, and beticeen the same 
parallels, are equal in area, 


| IN i | VV | 
8 Cc B C B Cc 

Let the parallelograms ABCO, EBCF be on the same 
hase BC, and between the same parallels BC, AF ; 

then shall the parallelogram ABCO be equal in area to 
the parallelogram EBCF. 

Case T. If the sides of the given parallelograms, oppo 
site to the common base BC, are terminated at the same 
point DO: 
then because each of the parallelograms is double of the 

triangle BOC; 1 34. 
therefore they are equal to one another. Aw, 6. 
Cask TT. But if the sidex AD, EF, opposite to the base 
BC, are not terminated at the same point: 
then because ABCD is a parallelograta, 
therefore AD is equal to the opposite side BC; 134 
and for a similar reason, EF is equal to BC ; 
therefore AD is equal to EF. Av. 1. 
Hence the whole, or remainder, EA is equal to the whole, 
or remainder, FD. 

Then in the triangles FOC, EAB, 

FO is equal to EA, Proved. 

and OC is equal to the opposite side AB, 1. 34. 
also the exterior anyle FOC is equal to the interior 
opposite angle EAB, 1. 29. 
therefore the triangle FOC is equal to the triangle EAB. 1. 4. 

From the whole figure ABCF take the triangle FOO; 
and from the same figure take the equal triangle EAB ; 

then the remainders are equal ; ¢ Ax, 3. 


that is, the parallelogram ABCO is equal to the parallelo. 
gram EBCF. Q. B.D. 


Because 
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Proposrrion 36. THeoren. 


Parallelograma on equal bases, and between the same 
merallels, are equal in aren. 


A DE H 


8 C F G 


Tat ABCD, EFGH be parallelograms on equal bases BC, 
FG, and between the same parallels AH, BG: 
then shall the parallelograin ABCO be equal to the paral. 
lelogram EFGH. 


Construction. Join BE, CH. 
Proof. Then because BC is equal to FG; Hyp. 
and FG is equal to the opposite side EH; 1. 4. 
therefore BC is equal to EH: Ax, 1. 
and they are also parallel; Hyp. 
therefore BE and CH, which join them towards the same 
parts, are also equal and parallel. 1. 33. 


Therefore EBCH is a parallelogram. Def. 26. 

Now the parallelogram ABCD is equal to EBCH ; 
for they are on the same base BC, and between the same 
parallels BC, AH. 1. 35, 


Also the parallelogram EFGH is equal to EBCH; 
for they are on the same base EH, and between the same 


parallels EH, 6Q. 1. 30, 

Therefore the parallelogram ABCD is equal to the paral. 

lelovram EFGH. Ax. 1}. 
Q. E.D. 


From the last two Propositions we infer that : 
(i) A parallelogram is equal in area to a rectangle of equal 
base and equal altitude. 


(it) Parallelograms on equal bases and of equal altitudes are 
equal im area, 
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(iii) Of two paralledlograma of equal aliitudes, that ia the greates 
which hua the greater base; and of two parallelograms 
on ¢pucdl beteca, that vs the grouer whick has the greates 
altituse. 


Proposition 37. Turones. 


Trianglea on the same base, and between the same paral 
leds, are equal tn areca, 





Let the triangles ABC, OBC be upon the same base BC, 
and between the same parallels BC, AD. 
Then shall the triangle ABC be equal to the triangle DBC. 


Construction. Through 6 draw BE parallel to CA, to 
meet DA produced in E; 1 31, 
through C draw CF parallel to CD, to meet AD produced in F. 


Proof. Then, by construction, each of the figures EBCA, 
DBCF is « parallelovram. Defi 26. 
And EBCA is equal to OBCF; 
for they are on the same base BC, and between the san 


parallels BC, EF. 130, 
And the triangle ABC is half cf the parallelogram EBCA, 
for the diagonal AB bisects it. 1. 34. 
Alse the triangle OBC is half of the parallelogram DBCF, 
for the diagonal DOC bisects it. 1, 34. 


But the halves of equal things are equal; Av. 7. 
therefore the triangle ABC is equal to the triangle DGC. 


Q. F., #), 


(For Exercisca see page 7:5. ] 
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Proposition 38. THurorrns. 


Triangles on equal bears, and betreen the same parallels, 
are equal im area. 





B CE F 


Tat the triangles ABC, DEF be on equal bases 8C, EF, 
and between the same parallels BF, AO: 
then shall the triangle ABC be equal to the triangle DEF. 


Construction, Through B draw BG parallel to CA, to 
meet DA produced in G; 1 3. 


through F draw FH parallel to ED, to meet AD produced in H. 
Proof. Then, by construction, each of the figures GBCA, 
DEFH is a parallelogram. Dep, 20. 
And GBCA is equal to DEFH ; 
for they are on equal bases BC, EF, and between the same 
parallels BF, GH. 136, 
And the triangle ABC is half of the parallelogram GBCA, 
for the diagonal AB bisects it. 1. 34. 
Also the triangle OEF is half the parallelogram OEFH, 
for the diagonal DF bisects it. 1 34. 
But the halves of equal things are equal: Aur. 7. 
therefore the trinngle ABC Is equal to the triangle DEF. 
QED, 


From this Proposition we infer that : 


(i) Triangles on equrl bets5ea anal of equal altitude are agual 
re ered, 


(it) OF tea triangles of the same altitude, that 1 the greater 
which has the greater base: and of tro triangles on the same baar, 
or on equal bases, that is the greater which has the greater altitude. 


[For Exercises see page 73.] 
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Proposition 39. THroweéa,. 


Equal triangles on the stme base, and on the wane mide 
of it, are between the same parallels, 





Let the triangles ABC, OBC which stand on the sasme 
base BC, and on the same side of it, be equal in area. 
then shall they be between the same parallels ; 
that is, if AD be joined, AO shall he parallel te BC. 


Construction, For if AD be not parallel to BC, 
if possible, through A draw AE parailel to BC, 1 3t. 
meeting BO, or BO produced, in €. 
Juin EC. 
Proof. Now the triangle ABC is equal to the triangle EBC, 
for they are on the same ase BC, and between the same 
parallels BC, AE. ST. 
But the triangle ABC is equal to the triangle OBC; J/ayp. 
therefore also the triangle OBC 1s equal to the triangle EBC; 
the whole equal to the part; which is impossible. 
Therefore AE is not parallel to BC. 
Similarly it can be shewn that no other straight Jine 
through A, except AD, is parallel to BC. 
Therefore AD is parallel to BC. 
qy.K. o). 


From this Proposition it follows that :; 
Equal triangles on the same base have equal altitudes, 


{For Exercises see page 74.} 
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Proposirion 40. Turorens. 


Equal triangles, on equal bases in the same straight line, 
and on the same side of it, are between the same parallele, 





Let the triangles ABC, DEF which stand on equal bases 
BC, EF, in the same straight line BF, and on the same side 
of it, be equal in area: 

then shall they be between the same parallels; 
that is, if AD bo joined, AD shall be parallel to BF. 
Conatruction, For if AD be not parallel to BF, 
if possible, through A draw AG parallel to BF, 1. 31, 
meeting ED, ar ED produced, in G. 
Join GF. 


Proof. Now the triangle ABC is equal to the triangle GEF, 
for they are on eyual bases BC, EF, and between the 
same parallels BF, AG. 1 38, 


But the triangle ABC is equal to the triangle DEF; J/yp. 
therefore also the triangle OEF is equal to the triangle GEF : 
the whole equal to the part; which is impossible, 


Therefore AG is not parallel to BF. 


Similarly it can he shewn that no other straight line 
through A, except AD, is parallel to BF. 
Therefore AD is parallel to BF. 


Q.E.D. 


From this Proposition it follows that: 


(i) Equal triangles on equal bases have equal altitudes 
(ii) Kqual triangles of equal altutudes have equal hanes. 
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EXERCISES ON PROPOSITIONS 37 ~-40. 


Deryixition. Each of the three straight lines which join 
the angular points of a triangle to the middle points of the 
opposite sides is calied a Median of the triangle. 


on Por. 37. 


1. If, in the figure of Prop. 37, AC amd BOD intersect in K, ahew that 
(i) the triangles AKB, OKC are equal in area. 
(ii) the quadrilaterals EBKA, FCKD are equal. 
2. In the figure of 1. 16, shew that the triangles ABC, FBC are 
equal in area. 


8. On the base of a given triangle construct a second triangle, 
ejual in area to the first, and having ite vertex in a given straight 
bine. 

4. Describe an isovweles triangle equal in area to a given triangle 
and standing on the aame baw. 


ox Prop, 38. 


5. A triangle ie divided by each of ite medians intu two parte of 
equal area. 

6. A parallelogram is divided by its diagonals into four triangles 
of equal arva. 

7. ABC is na triangle, and itn bane BC in binectedd at X; if ¥ 
he any point in the median AX, shew that the triangles ABY, ACY are 
equal in area. 

8. In AC, a diagonal of the parallelogram ABCD, any point X is 
taken, and XB, XO are drawn: shew that the triangle BAX is equal 
to the triangle DAX. 

9. If two triangles have two sides of one reapectively equal to two 
sidea of the other, and the angles contained by thone sides supplement. 
ary, the triangles are equal in area. 


on Pror. 39, 


10. The straight line which joins the middle points of two sides uf 
@ triangle is parallel to the third side. 


ll. Uf two straight lines AB, CD intersect in O, oo that the triangle 
AOC t# equal to the triangle DOB, shew that AD and CB qre parallel. 


on Paor. 40. 


12. Peduce Prop. 40 from Prop. 39 by joining AE, AF iu the 
figure of page 72. 
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Proposition 41. Titkoren. 


If a parallelogram and a triangle be on the same basa 
and between the same parallels, the parallelogram shall he 
double of the triangle. 





Tat the parallelogram ABCD, and the trisngle EBC be 
upon the Kame base BC, and between the same parallels 
BC, AE: 
then shall the parallelogram ABCO be double of the triangle 

EBC. 

Construction. Join AC. 

Proof. Then the triangle ABC is equal to the triangle EBC, 
for they are on the same base BC, and between the same 

parallels BC, AE. 1 3G. 
But the parallelogram ABCO is double of the triangle ABC, 

for the diagonal AC bisects the parallelogram. 1.4. 

Therefore the parallelogram ABCD is also double of the 
trinnyle EBC. QED, 


EXERCISES, 


1, ABCD ia w parallelogram, and X, Y are the middle pointa of 
the nides AD, BC; if Z ix any point in XY, or XY produced, shew 
that the triangle AZ 8B is one quarter of the parallelogram ABCD. 


2. Describe a right-angled isosceles triangle equal to a given square. 


8. If ABCD isa parallelogram, and XY any points in DC and AD 
respectively: shew that the triangles AXB, BYC are equal in area. 


4. ABCD is a parallelogram, and P is any point within it; shew 
om the sum of the triangles PAB, PCD is equal to half the paral- 
ogram. 
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Prupositivs 42. Prosven. 


To describe a parallelogram that shall be eqnel to a given 
triangle, and hace one of tts angles equal lo a yiven angle. 





Let ABC be the given triangle, and O the given angle. 
It. is required to describe a parallelogram equal to ABC, and 
having one of its angles equal to D, 


Conatruction. Bisect BC at E. 1. 10. 
At E in CE, make the angle CEF equal to 0; 1. 25. 
through A draw AFG parallel to EC ; 1 ST. 


and through C draw CG parallel to EF. 
Then FECG shall be the parallelogram required. 
Join AE. 


Proof. Now the triangles ABE, AEC are cqual, 
for they are on equal bases BE, EC, and between the mune 
parallels ; 1.58, 
therefore the triangle ABC 14 double of the triangle AEC. 
But FECG is a parallelogram by construction: Def) 26. 
and it is double of the triangle AEC, 

for they are on the same base EC, and between the same 
parallels EC and AG. 4. 


Therefore the parallelogram FECG is equal to the triangle 
ABC; 
and it has one of its angles CEF equal to the given angle DO. 
Qy. EF. 


EXERCISES. 
* 
1. Describe a parallelogram equal to a given square standing on 
the same base, and having an angle equa! to half a right angle. 


2. Describe a rhombas equal to a given perallelogram and stand- 
ing on the same base. When does the construction fail? 
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Derinirion. If in the diagonal of a paraliclogram any 
point is taken, and straight lines are drawn through it 
parallel to the sides of the parallelogram; then of the four 
parallelograms into which the whole figure is divided, the 
two through which the diagonal passes are called Paral- 
lelograms about that diagonal, and the other two, which 
with theso make up the whole figure, are called the 
complements of the parallelograms about the diagonal. 


Thus in the figure piven below, AEKH. KGCF are parallelograms 
about the diagonal AC; and HKFD, EBGK are the complements of 
those parallelogram. 


Nore. A parallelogram is often named by two letters only, these 
being placed at opposite angular points. 


Prorosition 43. TrEeoREM. 


The complements of the parallelograms about the diagonal 
of any parallelogram, are equal to one another. 


A__# O 
E 


B G C 


Let ABCD be a parallelogram, and KO, KB the comple- 
ments of the parallelograms EH, GF about the diagonal AC: 
then shall the complement BK be equal to the comple- 

ment KO. 

Proof. Because EH is a parallelogram, and AK its diagonal, 
therefore the triangle AEK is equal to the triangle AHK. 1. 34. 
For a similar reason the triangle KGC is equal to the 

triangle KFC. 
Hence the triangles AEK, KGC are together equa! to the 
triangles AHK, KFC. 
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But the whole triangle ABC is equal to the whole triangle 


ADC, for AC bisects the parallelogram ABCO ; 1,34. 
therefore the remainder, the complement BK, is equal to the 
remainder, the complement KO. QED. 
EXERCISES. 


In the tigare of Prop. 43, prove that 
(i) The parallelogram EO is equal to the parallelogram BH. 


(ii) If KB, KO are joined, the triangle AKB is equal to the 
triangle AKD. 


Proposirios d4.  Prosuem. 


To a giern straight line to apply a parallelogram which 
shall be equal toa given triangle, and have one of ts angles 
eguil tv a given angle. 





Tat AB be the given straight line, C the piven triangle, 
and D the given angle. 

It is required to apply to the straight line AB a paral- 
lelogram equal to the triangle C, and having an angle equal 
to the angle D. 


Construction. On AB produced describe a papel oops 
BEFG equal to the triangle C, and having the angle EBG 


equal to the angle D; 1. 22 and 1. 42%. 

through A draw AH parallel to BG or EF, to meet FQ pro- 

duced in H. 1, 31. 
Join HB. . 


* This atep of the construction is effected by first describing on ASB 
produced a triangle whose sides are respectively equal to those of the 
triangle C (1. 22); and by then making a parallelogram equal to the 
triangle so drawn, and having an angle equal to D (1. 42). 
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Then because AH and EF are parallel, and HF meets thei, 
therefore the angles AHF, HFE are together equal to two 
right angles: 1 20. 
hence the angles BHF, HFE are together less than two 
right angles; 
therefore HB and FE will meet if produced towards B 
aud E. ae TQ, 
Produce thein to nect at K. 
Through K draw KL parallel to EA or FH: 4. 31. 
nnd produce HA, GB to ineet KL in the points Land M. 
Then shall BL be the parallelogram required. 


Proof. Now FHLK is a parallelogram, Conatr, 
and LB, BF are the complements of the parallelograms 
about the diagonal HK: 


therefore LB is equal to BF. 1, 43. 
But the triangle C is equal to BF; (‘onstr, 


therefore LB is equal to the triangle C. 
And because the angle GBE is equal to the vertically oppo- 
nite angle ABM, 1 15, 
and is hkewise equal to the angle OD; C'uonatr, 
therefore the angle ABM is equal to the angle D. 

Therefore the parallelogram LB, which is apphed to the 
straight line AB, is equal to the trangle C, and has the 

angle ABM equal to the angle D. QE F. 
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Proposition 45. Prosi. 


To describe a parallelogram equal to a given rectilineal 
Agure, and having an angle equal to a given angle. 


A FG t 
i i 
. E . 7 i : 
; i 
[i / 
8 c K HM 


Let ABCD be the given rectilineal figure, and E the 
given angle. 

It is required to describe a parallelogram equal to ABCD, 
and having an angle equal to E. 


Suppose the given rectilineal figure to be a quadrilateral, 


Construction. Juin BO. 
Describe the parallelogram FH equal to the triangle ABD, 
and having the angle FKH equal to the angle E14. 42. 
To GH apply the parallelogram GM, equal to the triangle 
DBC, and having the angle GHM equal to E. 1 44. 
Then shall FKML be the parallelogram required. 


Proof. Because each of the angles GHM, FKH is equal to E, 
therefore the angle FKH is equal to the angle GHM. 
To cach of these equals add the angle GHK ; 
then the angles FKH, GHK are together equal to the angles 
GHM, GHK. 
But since FK, GH are parallel, and KH meets them, 
therefore the angles FKH, GHK are together equal to two 
right angles : 1, 29. 
therefore also the angles GHM, GHK are together equal to 
two right angles : 
therefore KH, HM are in the same straight line. 1. 14. 


ta 6 
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Again, because KM, FG are parallel, and HG meets them, 
therefore the alternate angles MHG, HGF are equal: 1. 29 
to each of these equals add the angle HGL ; 
then the angles MHG, HGL are together equal to the angles 

HGF, HGL. 
But because HM, GL are parallel, and HG meets them, 
therefore the angles MHG, HGL are together equal to 
two right angles: Pees 
therefore also the angles HGF, HGL are together equal to 
two right angles ; 
therefore FG, GL are in the same straight line. 1 14. 
And beeause KF and ML are each parallel to HQ, Conatr. 
therefore KF is parallel to ML; 1, 30. 
and KM, FL are parallel ; Comnatr. 
therefore FKML isa parallelogram. Def 26, 
And because the parallelogram FH is equal to the triangle 
ABD, Comatr, 
and the parallelogram GM to the triangle OBC > Conatr, 
therefore the whole parallelogram FKML is equal to the 
whole figure ABCD ; 
and it has the angle FKM equal to the angle & 


By a series of similar steps, a parallelogram may be 
constructed equal to a reetilmeal figure of more than four 
sides, Q.F.F. 
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Propostrion 46. Prosres. 


To deacribe a square on a given straight line. 


c! ; 
D E 
A B 


Let AB be the given straight line: 
it is required to describe a square on AB. 


Constr, From A draw AC at right angles to AB; 1 LL, 
and inake AD equal to AB. 1 3. 
Through 0 draw DE parallel to AB; 1 31, 
and through B draw BE parallel to AO, meeting DE in E. 
Then shall ADEB be a square. 


Proof. For, by construction, AOEB is a parallelogram ; 
therefore AB is equal to DE, and AD to BE. oo. 34. 
But AD is equal to AB; Conatr. 
therefore the four straight lines AB, AO, OE, EB are equal 
to one another; 
that is, the figure ADEB is equilateral. 


Again, since AB, DE are parallel, and AO meeta them, 
therefore the anglen BAD, ADE are together equal to two 
right angles ; 1 29. 
but the angle BAD is a right angle ; Conatr. 
therefore also the angle ADE in a right angle. 
And the opposite angles of a parallelogram are equal ; 1. 34. 
therefore each of the angles DEB, EBA is a right angle : 
that is the figure AOEB is rectangular. « 
Hence it is a square, and it is described on AB. 
: Q. KF. 


Corotuary. If one angle of a parallelogram ia a right 
angle, all its angles are right angles. 


6—Z 
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Proposition 47. ‘Tamoren, 


In a right-angleal triangle the aquare described on tha 
ypotenuse ta equal ta the mon of the rquares deacribed on 
he other two sides. 





Let ABC be a right-angled triangle, having the angle 
BAC a right angle; 
then shall the square described on the hypotenuse BC be 
equal to the sum of the squares described on BA, AC. 


Construction. On BC describe the square BDEC; 1. 46. 
and on BA, AC describe the squares BAGF, ACKH. 
Through A draw AL parallel to BO or CE; 1. 31. 
and join AD, FC. 


Proof, Then because each of the angles BAC, BAG is a 
right angle, 
therefore CA and AG are in the same straight line. 1. 14. 
Now the angle CBD is equal to the angle FBA, 
for each of them is a right angle. 


Add to each the angle ABC : 
then the whole angle ABO is equal to the whole angle FBC. 
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Then in the triangles ABO, FBC, 
| AB is equal to FB, 
and BO ia equal to BC, 
| niso the angle ABD is equal to the angle FBC ; 
therefore the triangle ABD is equal to the trinnyle FBC. 1.4. 


Because 


Now the parallelograu BL is double of the triangle ABO, 
for they are on the same base 80, and between the same 
parallels BD, AL. 1 41. 


And the square G8 is double of the triangle FBC, 
for they are on the same base FB, and between the same 
parallels FB, GC. 1. 41. 

But doubles of equals are equal : Ax. 6, 
therefore the parallelogram BL is equal to the square GB. 


In a similar way, by joining AE, BK, it can be shewn 
that the parallelogram CL is equal to the square CH. 


Therefore the whole square BE is equal to the sum of the 
squares GB, HC: 

that is, the syuare described on the hypotenuse BC ia equal 
to the sum of the squares described on the two sides 
BA, AC. Q.E.D. 


Norv. Tt is not necessary to the proof of this Proposition that 
the three aquares should be described crternal to the tnangle ABC, 
and since eqch square may be drawn either towards or aaray from the 
triangle, 1¢ may be shewn that there are 22% 2, or cight, possible 
constructions, 


EXERCISES, 


1. In the figure of this Proposition, shew that 
(3) If BG, CH are joined, these straight lines are parallel, 
(1) The points F, A, K are in one straight line; 
(iii) FC and AD are at right angles to one another; 


(iv) If GH, KE, FO are joined, the triangle GAH in equal 
to the given ce in all respects; and the triangles 

FBD, KCE are each equal in area to the triangle ABC. 

[See Ex. 9, p. 73.) 
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Prorostrion 48. Turorxm. 


If the square described on one wide of a triangle be equal 
tu the sum of the squares described on the other two sides, then 
the angle contained by these two eides shall be a right angle. 


D 





Lat ABC be a triangle; and let the square described on 
BC be equal to the sum of the squares described on BA, AC: 
then shall the angle BAC be a right angle. 
Cunstruction, From A draw AD at right angles to AC; 1.11. 
and make AD equal to AB. 1. 3. 
Join DC. 


Proof. Then, because AD is equal to AB, — Constr. 
therefore the square on AD is equal to the square on AB, 
To each of these add the square on CA; 
then the sum of the squares on CA, AD is equal to the sum 

of the squares on CA, AB. 
But, because the angle DAC is a right angle, Constr. 
therefore the square on OC is equal to the sum of the 
uares on CA, AD. 1. 47. 


And, by hypothesis, the square on BC is equal to the sum 
of the squares on CA, AB; 
therefore the square on DC is equal to the square on BC: 
therefore also the side DC is equal to the side BC. 
Then in the triangles DAC, BAC, 


DA is equal to BA, Constr. 

fecauss and AC is common to both; 
~ also the third side DC is equal to the third side 
BC; Proved. 
therefore the angle DAC is equal to the angle BAC. 1 8. 
But DAC is a right angle ; Constr. 


therefore also BAC is a right angle. Q. B.D. 


EXERCISES ON BOOK I. 


ON THE IDENTICAL EQUALITY OF TKIANGLEA, 


1. Ifina triangle the perpendicular froin the vertex on the base 
bisecta the base, then the triangle is isosecles. 


2. If the bisector of the vertical anyle of a triangle is also por. 
pendicular to the base, the triangle iq isosoelca. 


8. Uf the bisector of the vertical angle of a triangle alo biscets 
the base, the trianyle ty isusceles, 


[Produce the bisector, and complete the construction after the 
mauner of 1. 16.] 


4. If in a triangle a pair of straight lines drawn from the ex. 
tremitie sof the base, making oqual angles with the sides, are oqual, the 
triangle is isosceles. 


5. If in a triangle the perpendiculars drawn from the extremitien 
of the base to the opposite sides are equal, the triangle ia isosceles, 


6. Two triangles ABC, ABD on the same base AB, and on opponite 
sides of it, are such that AC is equal to AD, and 8C is ¢qual to BO: 
shew that the line joining the points C and D is perpendicular to AB. 


7. ABC isa trianyle in which the vertical angle BAC in binocted 
by the straight line AX: from B draw BDO perpendicalar to AX, and 
produce it to meet AC, or AC producad, in E then shew thet BD is 
equal to DE. 


8. In a quadrilateral ABCO, AB is equal to AD, and BC ix equal 
to DOC : shew that the diagonal AC biscets cach of the angles which: it 
jotus. 

9. Ina quadrilateral ABCD the opposite sides AD, are equal, 
and also the diagonals AC, BD are equal: if AC and BD intersect at 
K, shew that each of the triangles AKB, OKC ix incuoeles. 


10. If one angle of a triangle be equal to the sum of the other two, 
the greatest side in double of the distance of its middle point from the 
opposite angle. 
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ON PARALLELS AND PARALLELOGKAMS, 


VL, Tf a wtraicht line meets two parallel straight lines, and the 
two interior anglea on the same side are bisected; shew that the 
bisectors meet at right angles. [1. 20, 1. 32.] 


12. The straight lines drawn from any point in Uhe bisector of an 
angle parallel to the arros of the angle, and terminated by them, are 
equal; and the resulting figure is a rhombus. 


13.0 The middle point of any atraight line which meets two parallel 
atraight lines, and ia terminated by them, is equidistant from the 
parallels, 


WW. A straight line drawn between two parallels and terminated 
by them, in bixeeted; shew that any other straight line passing through 
the middle point and terminate 1 by the parallels, is also bisected at 
that point. 


15. Of through a point equidistant from two parallel straight hones, 
two straight lines are drawo cutting the parallels, the portions of the 
latter thus intercepted are equal. 


16. AB and CO are two given straight lines, and X is a piven 
point in AB: tind a point Y in AB such that YX may be equal to the 
perpendicular distance of Y from CD. 


17. ABC is an isosceles triangle; required to draw « straizht line 
DE parallel to the base BC, and meeting the equal sides in DO and E, 
xo that BD, OE, EC inay be all equal. 


14. The straight line drawn through the middle point of a side of 
& triangle parallel to the base, bisects the remaining side. 


10.) The straight line which joins the middle points of two sides 
of a triangle, is parallel to the third side. 


20. The straight line which joins the middie points of two sides 
of a triangle is equal to half the third side. 


21. Shew that the three straight lines which juin the middle points 
of the sides of a triangle, divide it into four triangles which are 
identically equal. 


22. Any straight line drawn from the vertex of a triangle to the 
base is bisected by the straight line which joins the middle points of 
the other sides of the triangle. 


33, AB, AC are two given straight lines, and P ix a given point 
between them; reyuired to draw through P a straight line terminated 
by AB, AC, and bisected by P. 
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24. ASCO isa parallelogram. and X, Y are the middle points of 
the iy as sides AD, BC: shew that BX and OY trisect the dia- 
gonal AC. 


25. If the middie points of adjacent sides of any quadrilateral be 
joined, the figure thas formed is a paraliclogram. 


26. Shew that the straight lines which join the middle points of 
opposite aides of a quadrilateral, bineet one another. 


ON AREAS, 


27. Shew that a hea ar et is bisected by any straight line 
which passes through the middle point of one of its diagonals, (1. 20, 
26] 


28. Bisect a parallclograin by a straght line drawn through a 
given point. 


20. Bisect a parallelogram by a# atraivht line drawn perpendicular 
to one of its sides, 


_ 40, Bisect a parallelogram by a straight line drawn parallel to a 
given struight line. 


31. ABCD is a trapexiam in which the side AB i parallel to OC, 
Shew that its area ix equal to the area of a parallelogram formed by 
drawing through X, the middle puint of BC, a straight line parallel 
ty AD. [1. 29, 26.) 


32. If two straight lines AB, CO intersect at X, and if the atrayht 
lines AC and BC, which join their extremitns are parallel, shew that 
the triangle AXD is equal to the triangle BXC. 


84. If two straight lines AB, CD intersect at X, so that the 
triangle AXD is equal to the triangle XCO, then AC and BO are 
parallel. 


84. ABCD is a parallelogram, and X any point in the diagonal 
AC produced; shew that the triangles XBC, XOC are equal. [Se 
Ex. 13, p. 64.} 


45. If the middle points of the sides of a quadrilateral be juined 
in order, the parallelogram so formed [see Ex. 25] in equal to half the 
given figure. 


* 


MISCELLANEOUS EXAMPLKS. 


36. A is the vertex of an isosceles triangle ABC, and BA is pro- 
duced to D, eo that AD is equal to BA; if OC is drawn, shew t 
BCO isa right angle. 
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87, The straight line joining the middle point of the hypotenuse 
ofa right-anyled triangle to the right aogle is equal to half hypo- 
tenuse, 


BH. From the extremities of the base of a triangle perpendicular 
are drawn to the opposite #ides (produced if necessary); shew that the 
straight lines which join the middle point of the base to the feet of the 
perpendiculars are equal. 


430, In # triangle ABC, AD is drawn perpendicular to BC; and 
X, ¥, Z are the middle points of the nides BC, CA, AB reapectively : 
shew that cach of the angles ZXY, ZOY ia equal to the angle BAC. 


40. Ina right-angled triangle, if a perpendicular be drawn from 
the right angle to the hypotenuse, the two triangles thus formed are 
aquiangular to one another. 


41. Vf from the middle points of the sides of a triangle per- 
pendiculars be drawn to the sides, shew that they will meet in one 
point, 


42. Shew that the biseetors of the angles of a triangle muct in 
one point. 


43. Shew that the bisectors of two exterior angles of a triangle 
meet on the bisector of the third angle. 


44. Prove that the medians of a triangle meet in one point. 


45. Tua triangle ABC, if AC ia not preater than AB, shew that 
any atraiht line drawn through the vertex A, and termiuated by the 
base BC, is less than AB, 


46. ABC is a triangle, and the vertical angle BAC is bisected 
by a straight line which meets the base BC in X; shew that BA is 
greater than BX, and CA greater than CX. Henoe obtain a proof of 


a 
1, 20. 


47. The perpendicular is the shortest straight line that can be 
drawn from a given point to a given straight line; and of others, 
that which is nearer to the perpendicular is less than the more 
remote; and two, and only two equal straight lines can be drawn 
from the given point to the given atraight line, one on cach aide of 
the perpendicular. 


48. The sum of the distances of any point from the three angular 
points of a triangle is greater than half its perimeter, 


49. The sum of the distances of any point within a triangle frem 
ita angular points is less than the pecimeter of the triangle. 


50, The perimeter of a quadrilateral is greater than the sum of its 
diagonals. 
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51. In the figure of 1. 47, ahew that 
{i} the sum of the equares on AB and AE ia equal to the sum 
of the aquares on AC and AD. 
(ii) the square on EK is equal to the square on AB with four 
times the square on AC. 
{iii} the sam of the squares on EX and FD is equal ta five 
times the aquare on BC. 


62. Two right-angled triangles which have their hypotenuses 
equal, and one side of one equal to one aide of the other, are identically 
equal. 


63, Une the properties of the equilateral triangle to trisect » 
given finite straight line. 


64. Construct a triangle having given the base, one of the anglea 
at the base, and the sum of the remaining sides. 


55. Construct a triangle having given the base, one of the anglos 
nt the base, and the difference of the remaining sides, 
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